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A COMPUTATIONAL AND EXPERIMENTAL STUDY OF

NONLINEAR ASPECTS OF INDUCED DRAG

Stephen C. Smith
Ames Research Center

SUMMARY

Despite the 80-year history of classical wing theory, considerable research in recent years has been

directed toward the study of planform and wake effects oll induced drag. Nonlinear interactions be-

tween the trailing wake and the wing offer the possibility of reducing drag. The nonlinear effect of

compressibility on induced drag characteristics, beyond that predicted by the linear Prandti-Glauert

equation may also influence the wing design process. This study deals with the prediction of these

nonlinear aspects of induced drag and ways by which they may be exploited. Although the potential

benefit is perhaps only a few percent of the drag, this represents a large fllel savings for the world's

commercial transport fleet.

Computational methods must be applied carefully to obtain accurate induced drag predictions.

Surface pressure integration is too sensitive to modeling details to achieve the required accuracy. Trefftz-

plane drag integration is far more reliable, but is very sensitive to the accuracy of the force-free wake

model.

The practical use of Trefftz-plan( _,drag integration was extended to transonic flow with the Tranair

fldl-potential code. The induced drag characteristics of a typical transonic transport wing were studied

with both Tranair and A502, a high-order linear panel method to investigate changes in spanwise lift.

(listrit)utioil an(t span efficiency beyond those predicted by the Prandtl-Glauert equation.

The true force-free wake shape is dependent on the flow solution, so modeling of the force-free

wake b(_comes a nonlinear l)robhml, even when the flow governing equation is linear. A novel metho(l

was develot)e(t for (:onq)uting the force-free wake, shape. This hybrid wake-relaxation scheme couples

the well-I)ehaved nature of the discrete vortex wake with viscous-core modeling and tire high-accuracy

velocity prediction of the high-order panel method. The hybrid scheme provided converged wake

shapes theft allowe(t accurate ]¥efftz-t)lane integration. An unusual split-ti I) wing concet)t was studied

for exploiting nonlinear wake interaction to reduce induce(l drag. This design exhit)its significant

nonlinear interactions between the trailing and t)ound vortex systems that produced u t) to 12 percent

reduction in induced drag comt)ared to an elliptically loaded wing of the same span and total lift.

The t)erformanee of the split-tip wing was also investigated by careful wind tunnel experiments.

Induce(l drag was determined from the force mea,surements by sut)tracting art estimate of the viscous

drag, and from an analytical drag-decomt)osition method using wake survey results. The experimental

results confirm th_ ('()mputational pre(ti(:tion the st)lit-ti t) wing ha._ el)out 12 l)ercent lower induced

(trag than the ellit)tical wing at a lift (:oeificient of 0.7. This work w,_Ls originally tmblished as a Ph.D

dissertation at Stanfor(t University in .]une 1!)95.



1 INTRODUCTION

1.1 Motivation and Objectives

The classical wing theory describing the induced drag of finite wings is almost 80 years old, yet consid-

erable research in recent years has been directed toward the understanding of planform and wake effects

on induced drag (refs. 1-7). The "lifting line" model indicates that only the spanwise lift distribution

and the "spanwise camber" (a term used by Cone (ref. 8) to describe the shape of nonplanar wings)

determine tile induced drag. However, more refined aerodynamic models allow for nonlinear effects

that offer the possibility of reducing induced drag below the minimum value predicted by the lifting

line theory.

Although the potential benefit of exploiting these effects is perhaps only a few percent of the induced

drag, this still represents large fuel savings for the world's commercial transport fleet. The Aeronautical

Research Council estimated in 1991 that a 1 percent, reduction in cruise drag for the U.S. commercial

fleet alone would save $100 million annually (ref. 9). Induced drag represents about 40 50 percent

of the cruise drag, but it plays a broader role in aircraft performance. About 85 percent of drag at

takeoff and initial climb is induced drag. The requirement for safe takeoff and climb following an engine

failure often demands higher installed thrust capability and larger wingspan than would be required for

a cruise-optimized design. A reduction of induced drag at high lift, coefficients would therefore allow a

better cruise design, improving the fuel economy by more than simply the reduction in induced drag

at cruise.

Traditionally, the barriers to studying these nonlinear effects haw_ been the determination of the

correct force-free wake shape and and computation of induced drag with sufficient accuracy to resolw_

small performance improvements while avoiding nuumrical artifacts. Many wake relaxation schemes

are not robust enough to converge, and are often iterated only three or four times to obtain an ap-

proximation to the true wake shape (ref. 10). Pressure integration has been proven a poor method of

determining induced drag, exhibiting planform-dependent errors (teN. 4, 5, 11, and 12). Trefftz-plane

integration is a suitable method of obtaining the induced drag, but it requires that the wake shape be

force-free, or at least drag free. Even small errors in wake shape can influence the drag computed in

the Trefftz plane (ref. 7). One of the primary goals of this dissertation is to explore the potential for

induced drag savings produced by favorable wake interaction.

Since most commercial air travel occurs at transonic speeds, the influence of colnpressibility on

spanwise liR distribution and induced drag nmst be inchlded during wing design. The nonlinear effects

of compressibility, beyond the effects predicted by the linear Prandtl-Glauert equation, on induced

drag, are also studied.



1.2 Historical Background

The conceptof induceddrag arosefrom the searchfor an explanationto D'Alembert'sparadoxat
the beginningof the twentiethcentury. With the introductionof circulation,Kutta and Joukowski

demonstratedthat lift forcecouldbegeneratedin an idealpotentialflow. But theparadoxremained

that therewasnoapparentmechanismwithin potential flow to explainthe drag that wasobviously
presentin physicalobservations.In 1907,Lanchesterdescribeda conceptualmodelof tile finite wing

and its consequencesthat continuesto beacceptedtoday (ref. 13). Lanchesterrecognizedthat the

bound vorticity associated with the wing's lift could not terminate at the wingtip since this would

violate Helmholtz's theorern that a vortex cannot begin or end in the flow. He hypothesized a trailing

wake vortex extending downstream from the wingtips. His famous drawing, figure 1 illustrates the

realization that the circulation is shed from the trailing edge as a distribution of free vorticity. This

system of free vorticity produces an induced velocity field that persists m the flow downstream of

the wing. Lanchester was the first to observe that the kinetic energy associated with this flowfield

represents the work required to produce lift. No such work is required if the wing span is infinite. The

kinetic energy, added to the wake per unit distance traveled by the finite wing is called induced drag.

/ y'/ .___22J "

Figure 1. Lanchester's conc('I)t of trailing vortex wake.

While Lanchester was the first, to propose a conceptual model of the free vortex wake and its

role in producing drag, Prandtl assimilated this concept into a complete mathematical model. This

"lifting line theory," and its many profound consequences, were published extensively by the early 1920s

(refs. 14 16). Although ttm theory is universally known _ "Prandtl's lifting line theory," important

contributions were made by s_,veral of his students, not alfly Mmlk and B('tz. Prandtl's lifting line

theory represents a finite wing a,s a concentrated lifting "bound" vortex, with trailing wake w_rtices

extcuding to infinity in the downstream direction, as shown in figure 2. For a prescribed distribution of



Z

Circulation Dislribulion

8ound Vorle_

Figure 2. Prandtl's lifting line model.

bound circulation, P(y), tile local wake vorticity equals tile local change ill circulation, 7wake = dr/dy.

Based on the assumption of potential flow, the downwash velocity induced on the lifting line from each

infinitesimal portion of vorticity is computed from the Biot-Savart law:

dFxr

dV- 4_rr.3 (1)

where dF = 7w_k_d_/. The total downwash is computed by integration over all the wake vorticity. The

same aerodynamic mechanism that produces lift on the wing also produces the induced drag. The

Kutta-Joukowski theorem indicates that a force is produced when there is a flow over a bound vortex,

/rgiven by F = pV x r. The lift and drag distributions along the span are then L'(_j) = O_ ooF(!/) and

D{(9) = pwr(9). Of course, on a real wing, the bound vorticity that produces the lift and induced

drag is distributed over the surface within the boundary layer, and the lift and induced drag are the

resultants of the surface pressure distribution over the wing.

In Prandtl's inviscid potential flow model, the vortex wake extends to infinity. In a real. viscous

flow, the vortex wake eventually breaks down, and the kinetic energy is transferred to heat through

viscous dissipation. However, this viscous breakdown takes place so far downstream that the infinite-

wake model is useflfl. Coherent wake vortices are often observed 5 7 miles downstream of commercial

aircraft. This corresponds to more than 200 wing spans! The remarkable success of this simple inodel

in predicting the performance of finite wings confirms that the model represents the most relevant flow

phenonmna. A few of the consequences of the lifting-line theory bear mentioning here.

The most hnmediate result was that for a planar wing, the minitnunl induced drag occurs when

the dowllwash distribution along the. span is mfiform, and is produced by an elliptical distribution



of circulation. This requirementwasgeneralizedfor nonplanarwings,so that tile "normalwash"is

proportionalto the cosineof the localdihedralangle,V -fi = wo cos f_ (ref. 16).

The mutual interference between lifting elements, particularly with longitudinal stagger, was care-

fully studied. It was shown that the total induced drag of a system of lifting elements is independent of

their relative longitudinal positions, as long ms the circulation on each element is fixed. Of course, tile

individual contributions to the total drag are dependent on the stagger, but the interference is recip-

rocal. Although proven by Prandtl and Munk in different ways, this "stagger theorem" is most easily

confirmed by considering the energy left in the wakes of the lifting elements far downstream, already'

observed to be the source of the induced drag. Trefftz reasoned that far downstream, the influence of

the bound vortex would die out, and the wake could be treated as two-dimensional (infinite). He solved

a two dimensional potential formulation in a transverse plane far downstream to calculate the lift and

induced drag (ref. 17). Only the shape of the wake, and the circulation distribution ill the wake, affect

the induced drag. Since the projection of the lifting system onto the plane is unaffected by any change

in stagger, and the circulation strengths are also unchanged, the velocity distribution in this plane and

the drag are unchanged.

Tile general problem of how to solve for the circulation distribution produced by all arbitrary wing

planform was not addressed by Prandtl. In fact, a peculiarity of tile circulation distribution was a source

of frustration to Prandtl for some time. He found that only certain analytical distributions, of tile form

(1 - rl2)_ in particular, produced finite downwash at tile tip. Here 71 is the spanwise coordinate, 29/b,

and r_. is any positive integer. One such distribution was tile well known elliptical distribution. Trefftz,

and later Glauert, approximated arbitrary distributions with a Fourier series, essentially harmonics of

the elliptical distribution (refs. 16 and 18) for an arbitrary circulation <lJstribution. Glauert integrated

the induced velocities on the lifting line to find tile effective angle of attack. The lift and induced drag

distributions from tile Kutta-Joukowski law were integrated to obtain the total lift and drag. The wing

planform shape and/or twist required to produce a particular lift distribution was inferred by assuming

that the flow over any section is nearly two dimensional so the section lift. curve slope was known.

Generalization of the lifting line model to nonplanar lifting systems was studied by Cone (ref. 8).

He found optimal load distributions for a variety of shapes, including elliptical "spanwise camber,"

simple dihedral, winglets, and fully closed ring-wings.

All these analyses relied on tile circulation t)eing concentrated on the "lifting line." Based on

Munk's stagger theorem, this model should be adequate for studies of induced drag. However, the

issue of how to build a real wing to produce the desired loading, was not addressed. The most obvious

difficulty here is that the downwash on the actual surface varies somewhat fronL the value eompnted

(m the lifting line. This influence is most dranlatic near tile wingtip, where the three-dimensional

flow makes the load distribution (tepart froin that predicted by Glauert's method. Later work by

Weissinger and others addressed the problen_ of loading on a general lifting surface by numerically

solving a collocation problen_ that represents the kinematic boundary conditions <>n the Inean surface



of thewing. This approachhasevolvedinto the discretevortex-latticeandhigh-orderpanelmethods

in wideusetoday (ref. 19).

Theclassicalwingtheorydescribedto this point requiresthat thewakeshapebeprescribed.The
streamwisewakemodel,consistingof straightvortexfilamentsleavingtile trailingedgein thefreestream

direction,is the mostwidelyused.Prandtl'sjustification for this modelwasthat althoughthe true

force-freewakemaybeconsiderablydeformedin thefar-field,this "roll-up" occursslowlyso that the
near-fieldportionsof the wake,whichhavethe mostdominantinfluence,arenot significantlyaltered

from their initial shape.
VonKarmandevelopedthe far-fieldapproachfor determininginduceddrag from propertiesin a

transverseplane far downstreamof the wing (ref. 20). It is interestingto note that this procedure

hasbecomeknownas "Trefftz plane" dragintegration,sinceTrefftz employedthe far-field plane in

connectionwith a slightlydifferentproblem.VonKarmanequatedthe workexpendedin overcoming
theinduceddragto thekineticenergyleft behindin thetrailing wake.It hasbecomemorecustomary

to equatethe induceddrag to the x-momentumflux through the _lYefftzplane (ref. 21). l%rther
developmentsof the far-field techniquefor drag determination,particularly'for ext)erimentaldrag

decomposition,havebeenmadebyMaskell(ref.22),Wn,Hackett,andLilley (ref. 23), an¢l Shoenmker

(ref. 24).

With the development of this far-field drag computation technique, there was heightened interest

in attempting to model tile force-free wake shape. While Prandtl's argument was widely accepted (and

still is) as adequate for predicting the performance of finite wings, there was still the question of what

influence, however small, the force-free wake shape would have. In addition, there were practical issues

such at computing the true downwa.sh on the horizontal tail. Betz developed a variety of theorems

(:oncerning the motions of systems of infinite vortices (ref. 25). Sl)reiter applied Betz's rules, with

some three-dimensional considerations, to allow an approximation of the three-dimensional rolled-up

wake trailing from finite wings (ref. 26). Since then, a variety of computational techniques have been

employed for iteratively relaxing the trailing wake. to the force-free shape. Representative examples are

the unsteady vortex-lattice method of Mittelman (ref. 27) and Quackenbush (ref. 28).

Discrete vortex wake models require a viscous-core model to modify the velocities induced very

close to the vortex singularity. Lamb's core model is widely used to prevent erratic behavior of the

vortex filaments as they pass near each other (ref. 29). An analogy to the viscous (:ore model applied to

distributed vorticity wake models is described by lqamachandran (ref. 30) applied to the finite-difference

solution of the fnll potential equation. This finite-vorticity model has not been implelnented into any

panel methods. A distributed-vorticity wake relaxation developed by Nagati uses a smoothing fimction

to determine the trajectory of the wake edge, ignoring the extreme velocities produced by the edge

singularity (ref. al). Finally, the vortex-in-cell lnethod of Ribeiro is a recent and novel method to relax

the wake shape (ref. 32).



Morerecentstudiesof induceddragcharacteristicsof finitewingshavebeendoneusingthe modern

lifting surfacecomputationalmethods. Zimmerconcentratedoll wingtip treatmentswhile Lowson
reevahlatedmuchof Cone's work, both with the goal of exploiting the drag reduction associated with

nonplanar wings (refs. 1 and 2).

The relative induced drag of different configurations has been expressed in several ways. One

method is to define the span efficiency, e, as the ratio of tile induced drag of an elliptically loaded

wing to tile induced drag of a particular wing with the same span and total lift, e = C_/TrARC>.

Based on Munk's result that the elliptically loaded wing achieves the minimum induced drag for a

given span, span efficiencies greater than 1.0 are not expected, except for nonplanar wings. However,

Munk's result was based on a streamwise wake model. Van Dam raised the possibility of achieving

higher span efficiency on planar wings than that predicted by the classical theory (ref. 3). He suggested

that nonlinear interaction of the rolled-up wake was responsible for drag savings of about 8 percent

on a crescent-shaped wing. It has since been shown that inost of Van Dam's apparent drag saving

was an artifact of inadequate panel density in the spanwise direction (refs. 4 and 5). A slnall benefit

of the crescent wing over the traditional elliptical wing was associated with a more-nearly elliptical

span-load distribution. Although the 8 percent drag savings claimed by Van Dam are unlikely, the

possibility remains that nonlinear wake interactions may modify the induced drag somewhat from the

value expected from classical theory.

1.3 Present Work

The specific ot)jectives of this Dissertation are to 1) develot) and delnonstrate techniques for accurate

induced drag conq)utation, 2) determine criteria for tile necessity and extent of tile force-free wake

model, 3) design t)lanar wings which exhibit beneficial nonlinear wake interactions, and 4) extend

accurate induced drag computation to transonic flow conditions and investigate compressibility effects

on optimal span loading. The remaining seven sections of this Dissertation are organized as follows:

Section 2 describes the inviscid governing flow equations used to model and predict induced drag.

Computational meth<)ds for solving these equations are describe<l, as well as error sources from the

discretized computational model.

Section 3 derives the far-fieht drag couq)utation method, with attention t<) the influence of wake

m<>deling. The Trcfftz-l)lane contour integral is derived, valid for subsonic and transonic potential flow.

The influence <>f wake shape on far-field drag t)rediction is included. The inininmnl requirement on

wake shat)e is that the wako nmst be drag fr(,e. The criteria for when modeling the force-free wake is

required is illustrate(t by introducing a near-field analog to the Trefftz plane.

Sectioll 4 illustrates praclical application of c()nlputationa[ methods for deterlnining induce, d drag.

For subsoni(' flow, a high-or(let panel m(,tho(t is used. Surface-pr(_ssure integration is shown to I)e



strongly dependent on panel density, and drag values do not. converge for practical problem size. Trefftz-

plane integration is shown to be a reliable nlethod for COlnputing induced drag that is insensitive to

panel density and numerical roundoff. For transonic flow, a finite-element full-potential method is used.

The influence of Math number on span efficiency and spanwise lift distribution is investigated for an

unswept wing.

Section 5 explores the nonlinear transonic influence of Math number on the induced drag of a

typical transport wing, The influence on span loading predicted by the flfll-potential equation, over

and above the influence predicted by the linear Prandtl-Glauert equation indicates the loss of span

efficiency aussociated with using panel methods to determine optimal wing twist.

Section 6 addresses the task of creating a computational model of the force-free wake. A traditional

vortex-lattice wake relaxation scheme created a rolled-up wake with insufficient accuracy for far-field

drag computation. A novel hybrid wake-relaxation scheme is developed which combines the greater

accuracy of the high-order panel method with the robustness of the discrete-vortex wake model. The

technique is applied to two elliptical wing planforms to delnonstrate accurate drag computation on

force-free wakes.

Section 7 studies two different approaches to exploiting nonlinear wake interactions on planar wings.

The first concept involves modeling of wingtip side edge separation to shed a highly nonplanar wake

that interacts closely with the wing planform. A small induced drag benefit is achieved when the

span loading is optimized, but the interaction wit.h the wake makes this load distritmtion practically

unachievable. The second con[:ept uses a planar "split tip" geometry. This planfbrm also sheds a

highly nonplanar wake that interacts ch)sely with the wing surface, but the span h)ading is controlled

independently from tD, wake interaction. A significant drag reduction is demonstrated for this wing.

Section 8 presents an experimental evaluation of the split-tip planform. The drag savings of the

split tip configuration is validated with careful wind tmmel experiments. Induced drag is inferred from

the experinmnt.s in two ways. The first method subtracts an estimate of lhe viscous drag from the

forc(,-l)alanc(, lneasurcnmnts. 'Fit(' second method uses a high-rt_solution wake survey and an analytical

drag decomposition process.

Section 9 presents a summary (_f the key results of this study, conclusions, and suggestions for future

work.



2 COMPUTATIONAL METHODS FOR PREDICTION OF

INDUCED DRAG

A study of nonlinear aspects of induced drag requires that the induced drag be predicted with high

accuracy so that a small drag incrernent is clearly due to physical effects rather than artifacts of the

numerical solutions. Modern panel methods that model the inviscid potential flow over lifting surfaces

adequately represent the physical phenomena that create induced drag. For transonic speeds, solutions

of the nonlinear full-potential equation are required. Although application of these methods for routine

engineering analysis is well established, special care and techniques are required to achieve the high

accuracy required to study more detailed aspects of induced drag. The Boeing A502 panel method and

the Tranair fllll-potential code are used to predict induced drag in this study. This section describes

the details of these computational methods and specific issues that influence the accuracy of drag

prediction.

2.1 Linear Potential Flow--Governing Equations

The lifting-line vortex model developed by Prandtl wa_s motivated by its representation of physical

observations, reinforced by the lift-producing mechanism expressed by the Kutta-Joukowski theorem.

At the time, potential flow was the only theoretical flow inodel which couM be solved for many t)roblenLs

of practical interest. Because of its close analog in electromagnetics, solution methods for potential

flow were well developed, particularly for two dimensional cases. The superposition of vortex elements

to represent the wing and wake, and tile use of the Biot-Savart law, implicitly represents a sohltion to

tile potential-flow governing equation, known ms Laplace's equation.

02_ 02¢b 02q)

- Ox2 + + Oz,2 -0 (2)

where

v¢ = v (3)

This equation expresses the conservation of mass for an incompressible, irrotational flow. The exten-

sion of the linear potential equation to subsonic compressible flow with small perturbations from the

freestream is known _ the Prandtl-Glauert equation,

(1 -
0_q_ O24,

+ _ + Oz 2 -0 (4)

Modern methods for solving the Prandtl-Glauert equation still involve superposition of singularities

similar to the t)otential vortex to represent the inviscid flow about wings and bodies. Geometric panels

covered with distributed singularities are arranged to represent the surface of the physical geometry.

The singularity (tistritmtions represented by the panels are solutions to the linear potential equation

by construction. The role of viscosity in t)roducing the boun(1 circulation is modeled })y iml)osing the



Kutta conditionat the trailing edge,whichpreventsa nonphysi('alvelocitysingularityat the trailing

edge.Numericalimplenmntationof this panelmethodisdiscussedin section2.3.

2.2 The High-Order Panel Method--A502

The physicalsurfacegeometryof a wing,or a mean-surfaceapproximationor it, canbe modeledby
a collectionof panelswhich representdistributionsof unknownsingularities. The singularitiesare

chosento satis£,r the linearpotentialequation.A linearsystemof aerodynamicinfluences(AIC's) is
solvedto determinethestrengthsof thesingularities.A numberof referencesthoroughlydescribethe

developmentandnumericalimplementationof vortex-latticeandpanelmethods(refs.19,and aaas).
A panel method is referred to as a high-order method when the singularity distribution varies over

the panel according to a polynomial function. A low-order panel method uses a constant strength

singularity distribution over each panel. A high-order method is especially desirable for this study,

})ecmJse it eliminates strong velocity siJ)gularities oJ_ the wing and wake, This makes integration of

velocities in the 'Defftz plane more accurate, and enables more accurate determination of the force-free

wake shape.

The panel method used for comt)utation of in(luted drag in this study is the Boeing A502 high-

order panel code (refs. 37 and 38). The A502 (:ode subdivides each quadrilateral panel into eight

triangular sut)-panels. Each sub-panel has a hi-quadratic distribution of dout)Iet strength and a hi-

linear distribution of source strength. One aerodynamic collocation (control) t)oint is located at the

center of each panel, and additional control points are used to match doublet an(l source strength across

sub-panel an(I t)anel boundaries.

The A502 code models the flow over surfaces with an imt)licit Dirichlet form of imt)ermeable surface

t)oundary (:ondition attributed to Morino. Details of the Morino I)oundary condition is illustrated in

figure 3. For this boundary condition, two boundary conditions are required for each aerodynamic

collocation point. The source strength is t)rescribed to locally cancel the comt)onent of freestream

norinal t() the surface. The t)oundary condition for the unknown doublet strengths is chosen to be

& = t) Oll the illterior of th_ geonletry, where & is the pert_lrbation potential duo to all the singu]arities

in the system. By for(:ing ¢5 = 0 throughout the interior surface, 0d)/0fi is implicitly zero. This

bOulldary condition has several ('omputational advantages. This boundary (:(mdit.ion does have the

drawba('k that it, requires the interior solution domain to be completely isolated from the exterior.

Any "leak" in the geonmtry corrupts the solution. Since the source strengths are known based on

the geometry, the order ()f the linear system is reduced and the source influences are moved to the

right-hand side vector. The Kutta condition is enforced t)y matching the wake doublet strength to the

(tiffcrenc(, ()f the upt)cr an([ low(u surfa(:(' doublet strengths at the trailing (_(lge, as shown in tigure 3,
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Figure 3. Morino boundary condition and Kutta condition for panel method.

so the doublet strength on the wake panels vary quadratically along the trailing edge where the wake

panels abut the wing panels. The doublet strength is constant on the wake panels in tile nominal

streamwise direction. A second, higher-order condition is also enforced that requires that the doublet

gradient on the wing trailing edge in the direction of the wake panels be zero. This forces the vorticity

to leave tile trailing edge not only" in the plane of the wake but also in the direction of the wake panel

edges.

To enable panel methods to solve large problems within practical computer time, certain approxi-

mations are often made in the computation of the AIC's. Program developers respond to the needs of

the engineering community for rapid analysis of complex configurations. The influence of panels "far

away" are approximated by the influence of simpler analytical singularities, such as dipoles. The Boe-

ing A502 high-order panel code makes two levels of approximation at mid-field and far-field distances

(ref. 38). Boeing program developers established the accuracy criteria used to determine the distances

at which these approximations are invoked; they are not accessible as user inputs. Since these distances

are nondimensionalized as multiples of the local panel diagonal dimension, a change of panel density

on at fixed physical geometry changes the physical distance where tim approxinmtioil is made. As the

panel density is increased, the distance where approximate AIC's are used moves closer to the control

points. This unfortunately interDres with the convergence of the solution to a particular geolnetry as

the panel density is increased. The pressure-integrated drag may not converge with increased panel

density for a given geometry. Presunmbly, the predicted difference in drag between two planforms with

the same panel distritmtion would not be affected by this approximation.

2.3 Wake Modeling with Linear Panel Methods

The t)anel znethod produces a linear system of equations that can be solved when the wake location is

prescribed a_ part of the geometry. Of course, this places the burden on the user to make an intelligent

choice tbr the wake location. Traditionally, tile wake has been placed so that the panel edg(<_ project

straight downstream, paralle,1 to U_c.. While this choice is usually made because of its simplicity, it

also ha,s merit for accurate far-field drag integration, CLuwill be discussed in section 3. Other choices of

wake shape may I)roduce well-posed boundary-value problems for the tmuel method, but may deviate

considerably from the (tcsired goal of rel)resenting the flow abo,tt iinit(, wings. The most realistic

ll



wakemodelrepresentsthe true force-freewake.But this shapeisnot knowna-priori. If the unknown

positionof the wakeis madepart of tile problemformulation,theproblembecomesnonlinearbecause

the wake'saerodynamicinfluencedependson it's location.A varietyof methodshavebeendeveloped
for iterativelycomputingthe equilibriumlocationof tile wake.Forpanelmethodsthat usean iterative

solver,thereis little addedconceptualcomplexityto incorporatethewakerelaxationdirectly into the

panelmethod(refs.35and 36). For panelmethodsthat usea direct solver,anexternal relaxation
schemeis requiredthat iteratively adjuststile wakelocation. In either case,ttle wakeposition is

adjustedto be locallytangentto theflow,basedonvelocitiesinducedby thecollectionof singularities

representingthe wing.
Althoughtile panelmethodrequiresthe userto prescribethewakeshape,it.alsohastheadvantage

of conservingtheshedvorticity within thewake.Thepresenceof thewakesingularityallowsevaluation
of the perturbationvelocitiesinducedby the wakefar downstreamof the wing. This enablesfar-field

evaluationof the induceddrag. Thefar-fieldmethodfor computinginduceddragwill bedescribedin
section3.

2.4 Role of Viscosity in Induced Drag

Tile continueduseof the linear potential equationfor study of induceddrag, rather than a more

completemodelof the flow, is basedon the <fl)servationthat the mechanismfor producinginduced
drag is the influenceof tile trailing wakevorticity on the wing,a fllndamentallyinviscidmechanism.

Althoughviscosity,is requiredto producecirculation,themagnitudeof thecirculationisessentially

independentof tile coefficientof viscosity_s longasthe no-slipconditionis maintained.'File viscous

drag on a wing may be lift. dependent, since changes in the surface pressure distribution as lift increases

lead t<> changes in the I)oundary l_wer. However, this viscous drag is in<tependent from the drag pro-

dueed by the influenc<_ of the trailing wake. One widely-used approximation for the drag characteristics

of an aircraft is
C 2

c,, = G,. + (6)
7rARc o

where c, here is the so-calle<t Oswaht's efficiency factor, and Cu,, is tile drag at zero lift.. While the

drag at zero lift is primarily viscous, it may contain induced drag due to twist; twist may produce a

sl)anwise distribution (>f lift. that produces in<hlce<t drag while the. net. lift is zero. At the same tilne,

Oswald's efficiency factor coinbines the induced drag and the lift-<tel>endent viscous drag. The vahm

of % is usually found by fitting a parabola t.o the drag t)olar for the aircraft. Therefore, Oswald's

efficiency factor is not strictly a nleasure of the relative induced (trag. In this stu<ty, only the inviscid

drag llro(tlwe(t by the wake is (:<)nsideretl in(hwe</ drag.

There arc cirmnnstan<:es where viscosity may influence the induce<l drag by modifying the spanwise

lift distributioll. An important example of this might I)e at the wingtip, where tangential velocities

are very high arolm_t the side edge of the wingtip. Even with a fully rounded wingtip, at some point

12



alongthesideedge,theradiusofcurvatureis smallenoughthat separationis inevitable.Thevorticity

shedfrom the side-edgeseparationformsthe initial wakeroll-upabovethe aft cornerof the wingtip,

carryingthe tip vortex inwardsomewhatcomparedwith all idealflowwherethe side-edgeflowwould
stay attachedand all the vorticity wouldshedfrom the trailing edge. Viscosityhasmodifiedthe
characteristicsof the trailing vortexwake,and thereforemodifiedthe inducedvelocities,the bound

vorticity,andthesurfacepressuredistribution.Thechangein drag_kssociatedwith this separationwill

bepartly pressuredragfrom theseparated-flowregion,but alsopartly a true induceddrag,sincethe

trailing vortexfield hasbeenmodified.
Onceit.is acceptedthat theremaybeviscousinfluenceson induceddrag,a casexnustberemadefor

usinginviscidflowwedictions to study induced drag. The traditional argument for this is that on a well-

designed wing, there is very little separation. While this is largely true, the wingtip side-edge separation

described above may be inevitable. Traditionally, for engineering estimates of wing performance, this

effect has been ignored. The induced drag has been predicted based on the a,ssumption that the

circulation is entirely shed from the sharp trailing edge. Any influence on the induced drag from the

modification of this circulation distribution in a viscous flow is lumped into the lift-del)endent viscous

drag. Although the nature of this research involves lnuch more detailed study of induced drag than

is typical for engineering applications, this viscous effect, whether favorable or adverse, is not directly

inchlded. To the extent that this viscous modification of the circulation distribution can be modeled

by t)ositioning of a wake sheet based on experimental or other computational observations, its influence

can be indirectly included in the inviscid analysis. One exalnph' of this that attempts to exploit the

side-edge seI)aration to reduce induced drag is presented m section 7.

2.5 Full-Potential Flow--Governing Equations

Modern commercial transports fly at. Mach numbers high enough that local acceleration over airfoils

produces regions of supersonic flow. These airplanes are carefully designed to minimize the "wave"

drag associated with transonic flight, but induced drag is just a._ important for these aircraft _ it. is

for low speed airplanes. It is desirable to accurately analyze the induced drag of wings under transonic

flow conditions that violate the assumI)tions of the Pramttl-Glauert equation. When shocks are weak

enough t(_ be considered isentropic, the velocity field may still 1)e described as t.he gradient of a scalar

t)ot.el_tial. The full-potential equation for steady flow, expressed in conservative form, is:

v. ore = 0 (r)

where the d(,nsit.y is giv('n by

(?- I)M_(I_ ) :'::'
t,= f, o14-: (8)

This equation expresses the conservation of mass for an irrotatiomtl flow, with no "small perturbation"

asSUml)ti(>n. Th(' only limilati(m on the aptflicat_ility of the flfll-t)otential equation is that the flow is
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isentropie. This implies that the normal Mach number conlponent upstream of shocks nmst be less

than about 1.3, so that the shocks are weak enough to bc approximated as isentropic waves. The

expression for the density makes the flfll-potential equation nonlinear, eliminating the use of solution

methods t)ased on superposition.

2.6 Full Potential Flow Solver--Tranair

Traditionally, the flfll i)otential equation has been solved by finite difference methods, using body-fitted

computational grids. Creation of computational grids for full aircraft configurations has proven very

difficult. An alternative solution method that allows arbitrary, complex configurations is embodied by

the Boeing _IYanair program (refs. 39 and 40). Tranair solves the full-potential equation by a finite

element method on a Cartesian grid, a,s shown in figure 4. Surface boundary conditions are imposed by

modifying the finite element basis functions on grid cells which are intersected by boundary surfaces.

Tranair includes an automated, solution-adaptive grid refinement scheme that subdivides grid cells,

enabling improved resolution of high-gradient regions of the flow such as leading edge regions and

shocks. The user specifies the minimum and maximum levels of grid refinement, and may speci_

specific regions of emphasis for increased grid refinement. The geometry input for Tranair is the same

surface panel definition used by the Boeing A502 panel method. A thorough discussion of the theory

and implementation of the Tranair program is presented in references 39 and 40. The output features

of Tranair used in this study are similar to those of A502.

Figure 4. Cartesian grid fi_r Tranair.
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TranairimposesaKutta conditionby forcinga discontinuityin thepotentialacrossa wakemodeled

similarly to the wakein a panelmethod.Unlikea panelmethod,tile sizeof the computationalbox

usedin Tranair limits the downstreamextentof the wake.Tile boundaryconditionsimposedoil the

outer })oundary of the computational box include the effect of a semi-infinite wake extending through

the downstream boundary.

2.7 Accuracy of Computational Results

Aircraft I)erformance prediction involves estimation of drag and weight from available methods. Engi-

neers may draw on theoretical models such as lifting line theory, experimental data such ms flat plate

skin friction measurenmnt, and empirical correlations with other similar aircraft to estimate effects

of rivets, control surface gaps, antennae (ref. 41). The uncertainty of the overall drag prediction is

dominated by the uncertainty in estimating the viscous drag. The customary approach of induced drag

prediction, using surface pressure integration of panel-method results with a streamwise wake model,

is well established for these purposes. Of course, care must be taken to adequately resolve the surface

pressure distribution to obtain meaningful results.

For detailed studies of the relative reduced drag of different wings, where a 1 2 percent increment

in drag may be considered significant, more careful methods inust be used. Of course, the inviscid

potential flow model used to study induced drag is hypothetical; there is no way to verify the flow

predictions of a potential flow solver in an absolute sense. For example, the wingtip side-edge flow
.

produced/)v a correct potential flow simulation will not agree with the viscous flow pattern observed in

a wind tunnel test. Induced drag cannot be directly measured in the wind tunnel. Techniques exist for

sel)arat.ing wind tulmel drag me_usurements into viscous emd induced drag components, as discussed in

section 7. Unfortunately, the experimental uncertainty of these methods is rather high. Therefore, the

aceura(:y of a potential flow (:omtmtation must be inferred from (:onsistency with other results. Three

I)_scs for accuracy assessment may be considere(t.

First. although somewhat sul)jectiw_, is that the geometry an(t I)oundary conditions must represent

a realistic model of the particular problenl. For the purposes of this research, a panel representation of a

wing with a trailing wake is a well-pose(l potential-flow model that will exhibit the physical phenoumnon

_mder study in this case. in(tu(:('(] drag.

Second, the solution must be insensitive t.o changes in user-inl)ut parameters, such ms panel density,

grid clustering, or convergence tolerance. Unfortunately, compntational resources pose practical limits

to tim deg;ree of [)ane] or grid refinement that can t)c evaluated. This in turn may e.stablish the limit

()f ext)ecte(t accuracy.

Thir(l, resulls should agree with other pre(tiction methods, accounting for (tifferences in underlying

assumt)tions, m()deling, ,_r (tiscretization. Ch,_(:k-cases may be sought that haw, estal)lished or accet)te(t
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results.In this study,theelliptical wingis usedasa referencecasesinceclassicaltheory indicatesthat

a spanefficiencyverycloseto 1.0isexpected.

2.8 Surface Pressure Integration

Surfacepressureintegrationis providedasanoutput featureof the A502code.The programusesthe

singularitystrengthsto determinethe velocity at eachcontrol point. Pressuresare then computed

usinga second-orderapproximationof thecompressibleBernoulliequation.Thepressuredistribution
overeachpanelis determinedfrom linear interpolationof theeontrol-pointpressures.The pressure

(listribution is thennumericallyintegratedalongstreamwisecolumnsof panelsandfinally overall the

panels.The resultsof the complete pressure integration are provided as force coefficients in the body

axis system as well as lift and drag coefficients. The panel-column integrations are used to determine

the spanwise distributions of lift and drag.

It is well known that numerical integration of surface pressure is a poor method of drag prediction

(refs. 11 and 12). The aft-facing surfaces of the wing have a shallow slope, so that only a small

component of the pressure acts in the freestream direction. The forward-facing surfaces have larger

slope.s, but the pressure distribution ha._ large gradients in the vicinity of the leading edge, making it

difficult to accurately resolve the drag component of the pressure distribution. Figure 5 shows results

from reference 12, illustrating the effect of leading edge panel density on the resolution of the pressure

distribution. _lb further aggravate the problem, the contributions from the fore- and aft-facing surfaces

largely cancel, leaving only a small value of drag, which is vulnerable to numerical error. These errors
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Figure 5. Efl'ect of [eadiug edge panel density on pressure int, egration.
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may vary systematically with wing planform shape, since, for example, local leading-edge sweep causes

a reduction in attachment-line pressure and/or a more pronounced suction peak that may not be

resolved as well.

There is some temptation to evaluate the pressure-integrated drag at zero lift, where the inviscid

drag is exactly zero (for an uncambered, untwisted wing), to form a "drag tare" to be used to adjust

pressure-integrated drag results at other angles of attack. While this may be effective in correcting for

errors in integrating the thickness-dependent pressure distribution, it cannot correct for the error in

resolving the pressure distribution due to angle of attack. The local surface slope and panel density at

the location of the suction peak and the stagnation point change with angle of attack, so the "tare" is

not representative of the pressure integration error, even at small angles of attack. No adjustnmnt of

surface-pressure integrated results are made in this study.

An alternative method for determining induced drag from computational results is the far-field

integration method presented in section 3. The application of both these methods for induced drag

determination are evaluated for two elliptical wing geometries is presented in section 4.
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3 FAR-FIELD DRAG COMPUTATION AND THE INFLUENCE

OF WAKE MODELING

Evidence that the accuracy of surface pressure integration is insufficient for a careful study of induced

drag indicates that alternate techniques are required. This section develops the far-field method for

determining induced drag in tile 'IYefftz plane without restriction to subsonic flow. Care is taken to

preserve u-perturbation terms that arise from the force-free wake, often neglected in traditional devel-

opments (ref. 21). Wake survey results from computational methods may be numerically integrated

to obtain the induced drag. Tile influence of wake shape oIl the lYefftz-plane integration is discussed,

and a criterion is established for assessing the extent of force-free wake modeling required to capture

the interaction of the wake with the wing.

3.1 Far-Field Drag Computation

Von Karman suggested ttlat conservation principles could be applied to a control volume surrounding a

finite wing to determine the induced drag, based on the residual flow perturbations exiting the volume

in the vicinity of the wake. l In the following development, an expression for the induced drag is derived

from momentum conservation. The control volume is taken as fixed in the inertial reference frame of

the wing, moving at the constant velocity, Uo_ with respect to the undisturbed fluid. The control

volume and relevant nomenclature are shown in figure 6. The lateral, top, and bottom surfaces of the

volume are aligned parallel to "the flight path, and the fore and aft. surfaces are aligned perpendicular

to the flight path. Additional bounding surfaces are coincident with the wing surface and the tipper

and lower surfaces of the trailing wake discontinuity. Surface unit-noruial vectors are positive outward.

For a finite wing, the interior vohime is simply connected.

In the. al)senee of any forces, an expression for conservation of inolnentmn in this volume is given

I)y:

"if/ f/Dt - dt pVdv - f,V(V • fi)ds = 0 (9)

It is important to not(_ here that the developnient of this Eulerian expression for momentum conserva.

tion requires that the velocity field be continuous. When any forces are present, Newton's second law

requires

F- DP d [[[pVdv- ff pV(V.fi) ds (10)
Dt dt ,lJJ dJ

lln fact, Von Karman's analysis was incorrect. He chose a steady reference frame fixed to the wing. In this frame,

there is no work done on the wing, since il doesn't move. The kinetic energy, E = l/2pf.t'(u 2 + c _ + w _) ds simply

t)alances the work clone on the flow by the pressure on the boundaries. Von Karman's result matches the now-accepted

expression for the drag only at the point of neglecting the longitudinal perturbation velocity. An energy balance in an

unsteady, ground-fixed reference frame does produce an expression for the induced drag, but special care must be taken

to correctly a('eourii for the unsteady potential lorillS..qhoemaker showed that this analysis leads to the same result as

ti, e ,,,ore e,,stomary i,,omenl,,,,, balanc,, i,, ii,e steady reference frame: D = l t2,./i['( ''_ -t w 'e - ,,_)ds (ref. 2_1).
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Figure 6. Control volume for momentum conservation.

For stationary flow, there can be no accumulation of momentum within the volume, so

F = - ffpV(V, fi) ds (11)

For simplicity in this development, body forces are excluded. In addition, the flow is assumed to be

inviscid, so surface shear stresses are neglected. The remaining surface force on the boundary is simply

the surface integral of the pressure, so

/f ,V(V (12)

Since the purpose of this development is to derive an expression for the drag, only the x-component

of the force and momentum, parallel to the freestream, will be considered:

// ds= - // pv: (v. .)es (la)

The contributions to these surface integrals from the various surfaces of the control volume can now

be evaluated separately. The surfaces bounding the wake discontinuity, $8 and $9, are considered first.

To evaluate these, we must make one of two assumptions about the wake. Either it is a truly force-free

wake, aligned ever3wehere with the local flow, or it is a drag-free wake, aligned with the freestream. In

the first case, there is no pressure differential across the wake, and V • fi = 0 on the wake surfaces. The

unit normals, fls and fi9 have opposite sign, so

/fspn ds+ /fgpn ds=O and/f p_(V-fi)ds=O (14)
J JS,9

2O



In the second case, a pressure differential may exist, but nx = 0. There is a tangential velocity (_j)

discontinuity but Vx and _ are continuous. Again, ns and n9 have opposite sign, so

ff8 pnzds=O and/_pV_(V.fi)d,_+ /£pVx(V.fi)ds=O (15)
,9

For both of the wake positions considered, the contribution of tile wake-bounding surfaces to the

x-component momentum balance is zero. Next consider tile surface surrounding the wing, St. On the

wing surface, V • fi = 0, and the pressure integral is tile drag:

frpnzds = D (16)

For an inviscid flow that is everywhere subsonic', this drag is defined as the induced drag, Oi. It will be

shown that the induced drag is the result of the momentum left in the flow ,associated with the trailing

wake vorticity. The surfaces that remain constitute the six exterior faces of the control volume. Note

that n_ = 0 on the top, bottom, and side faces, n_ = -1 on the front face, and ha, = 1 on the rear face.

At this point, it is convenient to express the pressure and velociIy in terms of perturbations from the

freestream, so the drag expression becomes:

-/fp(U_+u)vds+fflp(Uo_+u)'2d.s-f_p(U_+u)2ds (17)

For stationary flow through this volume, mass conservation is expressed tw:

SP(v. e_)ds = 0 (18)

Expressing this in terms of perturbations from the freestream gives:

/f pw ds - /£ pw ds - J_ pv ds + /f4 pv ds

- ff,,(u + es ds=0 (19)

Substitution of this into equation (17) yields:

(20)

As the control volume size is increased, the perturbation velocities on the front, top, bot, tom, aud side

faces becoine dilninishiugly small, leaving:

D, = - if(I,- p x)ds- ff p'u({(_o + u)ds (21)
•13|1

21



At this point, a relationshipbetweenthepressureandvelocityonsurface$6 is needed. Rather than

restrict this development to incompressible flow, the compressible form of Bernoulli's equation will be

used. However, the flow through surface $6 is regarded as a small perturbation from the freestream,

caused only by tile induced velocities from tile trailing wake. For any subsonic freestream Mach number,

the cross-flow perturbations are small compared to the speed of sound. Assuming small perturbations

and isentropic flow, a second-order accurate form of Bernoulli's equation is given by:

1{ }p - Pm= -_Poc 2uUoo + (1 - M_)u 2 + _,'2 + u,2 (22)

The derivation of this form of Bernoulli's equation is given in the Appendix. Substituting this relation,

the drag equation becomes:

lj { }D,= _p_ 2uUm+(1-M_)u2+v2+w 2 ds- pu(U_+u)ds (23)

The density in the second integral may also be expressed ms a perturbation from freestream, p = p_ +p'.

Substituting and collecting terms,

a J6

The derivation of a second-order accurate expression for the perturbation density, p', follows the deriva-

tion for Bernoulli's equation, producing:

, 1 M_[" (1 7)M2)u 'e' } (25)p : -_-{2_u_ + -(2- +2 +_,_

Sut)stituting this into equation (24) and collecting terms:

Di = _p_ (_,2+u,2+.u2)+(M&_2).u e+_ (7-2)-A'I_:u-+ . +w '2 ds (26)
,/ J G k

This expression relates the induced drag to the perturbation velocities in a transverse plane defined

by the rear face of the control volume. With the assumptions already made (i.e., inviscid, isentropic

flow) potential flow exists outside the wake, so that

The vector identity VO. V0 = V. c_V0 - 02720 may be substituted, noting that V20 = 0 outside tile

wake:

il{,,_+,,,_+.,,_),._= S/v. _v_as :2s)
Separating the divergence term into cross flow an(t freestream coinponents,

27. <DVdJd.s = (27 0270)I: + _ \ _r.r} ds

//{ 0, }= (27. OvO),j: + O_ + _,_ ds (29)
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Gauss'ttleoremrelatesthe areaintegralof tile two dimensionaldivergenceto a contourintegral

oil the boundary. In this case,the boundaryincludesa contoursurroundingthe traceof the wake

discontinuityoil the surface,$6. In general,

so

IS..,.°,.:l+I.°..,,,=7 ., I,,,
Substituting these relations into equation (26) gives:

L

i , u +o.D_ = -_poo/Ae dl+-_p_jj6[ Ox+(M_-l)u 2
-L

-f-r--TT----
Coo

where the contour integralhas been replaced by a simple lineintegralalong the wake trace from tip to

tip. A@ is the potential jump from tile upper side to tile lower side of the wake. Note that although the

0,
potential is discontinuous across the wake, the normal velocity _n is continuous. The remaining surface

integral depends only the u-perturbation velocity and its streamwise gradient. When the rear surface of

the control volume is moved far downstream of the lifting system, the u-perturbation produced by the

bound vorticity becomes diminishingly small, leaving only the perturbations produced by the trailing

wake. This surface is traditionally, referred to as the Trefftz plane. For the c_e of the streamwise wake,

the wake cannot produce any u-perturbation, and the induced drag becomes simply:

L

' / (.°)D, = _poo Ach _ dl (33)
-- g

For the force-free wake, u-perturbations are produced in the Trefftz plane because the vorticity

is not. perpendicular to the plane. Where a portion of wake is displaced by an angle s = -w_/Uoo,

as shown in figure 7, the induced velocity has a u component, related to the w component by _t =

w tan s = -ww'/Uoc. Here, w _ is tile induced velocity on the wake and w is the z-component of the

velocity induced by tim vortex. The u _ and uw ') terms in the surface integral are O(w4), and "wv2

Velocity induced by F

u = w tan r = - ww' o_ --V
U_ u

Figure 7. IT-perturbation produced when wake is not aligned with freestream.
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is O(v4), whereas tile dominant terms of equation (26) are of order O(_, 2 + v2). Traditionally, these

higher-order terms are neglected based on the assumptions that the wake deflection is small and the

0u
perturbations are small compared with the freestream velocity. The _ t.erm arises from the curvature

and nonparallel nature of the vortices in the deformed wake. However, for typical wings, the wake shape

is observed to evolve only slowlv, so the ou., _ _ t.erm is also traditionally neglected. For this study, induced

drag must be computed with sufficient accuracy to resolve small differences in drag due to nonlinear

effects. These differences may amount to only, 1 2 percent of the drag. In section 6, the magnitudes of

these higher-order terms are numerically evaluated for a typical force-free wake to confirm that their

contribution is negligibly small. Once this is done, the line integral in equation (33) can be used to

evaluate the induced drag on a force-free wake. The Trefftz-plane line integral, equation (33), provides

a simple means to evaluate the induced drag in the far-field from computational results. The potential

jump and normal velocity may be surveyed and numerically integrated along the wake trace. It is

worthwhile to restate the assumptions employed to derive this _Defftz-plane drag integral here:

1. The flow is assuined to be continuous, stationary, and inviscid.

2. The trailing wake is either force-free, or drag-free by virtue of trailing in the freestream direction.

This does not. imply that the two different wake shapes would produce the same drag, only that. the

derivation is valid in both cases.

3. The ttow is isentropic, perfect gas, and in the vicinity of the wake far away from the wing, may

be considered as a small perturbation from the freestreain.

4. The force-free wake evolution is slow enough that u-perturbations are assulned to be negligible;

the flow can be considered two dimensional in the Trefftz plane.

This derivation puts no explicit limitation on Math mmfl)er, although the requirement that the flow

t)e continuous restricts straightforward application to Math numlmrs less than 1.(). The appearance of

shocks in the flow creates a problem, since they represent discontimfities in potential flow. The jump

conditions that exist across the shock discontimfity are dependent on the specific governing equations

used to describe the flow. Since the scope of this research involves drag predictions in potential flow,

the isentropic shock jump conditions produced by the weak solution of the fllll potential equation will

be considered. The control volmnc used to express momentum conservation must be modified from the

previous develot)ment because of the presence of the shocks. As shown in figure 8, additional bounding

surfaces, $10 and Sll, surround the shock. The domain inclosed by the new control volume is still

simply connected.

After expanding the control volume large enough to eliminate the contributions on the forward and

side faces, lhc expression for lhc drag becomes:

--./7./1",) /_'(_r°C'-t- "') (V ' i_1) (#"S -- .// 1PT'l'r d'S--i/(l I ['(/'-7c'°c-l'- It) (V " f l) d's (34)
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Figure 8. Additional bounding surfaces oi1 shock discontinuity.

where the drag now includes the wave drag. Since surfaces S'10 and Sll are identical except for the

direction of the normal, these integrals can be combined so that:

Di + Du, = - f_(p- p_)ds- /L pu(U_ + u)ds

The last integral is zero based on mass conservation across the shock. Mass conservation is satisfied

by both tile isentropic shock and the Rankine-Hugoniot shock jump relations. The drag becomes:

D, + D,,, = - [[(,,- ,,_),t._ - [[ ,,,,(_ + ,,),t._

The remaining integral on the shock surface represents the normal-momentum change across the shock.

Note that the lqankine-Hugoniot shock relations explicitly conserve the normal-momentum across the

shock,

(Pl0 - Pl_)7_m + pum(V - fi)l(, - put t(Vll"fi_0) = 0 (37)

so the integral on the shock surface is zero. This leaves only the Trefftz plane integral on Sa to capture

both the induced drag and the wave drag. In an inviscid, rotational flow, the loss of total pressure

across the shock beconms the mechanism for convecting the wave drag downstream t.o the _refftz plane.

In this case, the shock surface added t.o the control volume appears unnecessary; no discontinuity in

monientunl occurs and the same integral relation results in either case.

In the ca.sc of potential ttow, the isentropic shock jump relations do not conserve the normal-

(:omponent of momentum, so the integral over the shock surface is finite. On the other hand, the total

pressure is constant in the "IYefftz plane, equal to the freestream value. Also, in the absence of the

wake vorticity in the far field, the t)erturt)ation potential in the Trefftz plane must decay to zero; the
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Trefftz-planedragvanishes.Evidently,,ill potentialflowonly tile induceddrag appearsin the far-field

integral,andthe wavedragis in equilibriumwith thenormal-momentunljump acrosstheshocksurface.
This assertionhasbeenwidelydiscussedbyStegerandBaldwin,HenneandHicks,vanderVoorenand

Sloof,amongothers(refs.42 44). Fllrther discussionof wavedrag is beyondthe scopeof this study.

Theexpressionfor the induceddragin transonicpotentialflow is identicalto equation(21), and the
remainingdevelopmentleadingto equation(33) is the same.

3.2 Trefftz-Plane Integration of Computational Results

Whencomputationalmethodssuchas the A502panelcodeor the _IYanairfull-potential codeare
usedto analyzewings,the induceddragmaybedeterminedby,the _IYefftz-planeintegrationmethod

developedin section3.1,providedthe requiredwakepropertiescanbeobtainedmsoutputs from the

computationalmethod.Both A502and 2¥anairprovideanoff-bodyflowsurveyasanoutput feature.

At specifiedpoints in the flowoff the surfaceof the geometry,the threecomponentsof velocity and
the perturbationt)otentialareoutput. The usermayspecifythat the contributionof someportion of

thegeometryto thesepropertiesbeexcludedfrom thesurvey.
"ib measurethe wakepropertiesneededfor Trefftz-planeintegration,pairs of surveypoints are

locatedalong the wakea very small distanceaboveand below the wake,shownin figure 9. The

surveymustbe madefar enoughdownstreamof the lifting systemsothat the _sumptionsleadingto

equation(33) arevalid. The wakemodelmust alsobeextendeda considerabledistancedownstream
of thesurveysothat the velocitiesinducedarerepresentativeof an infinite wake.

Forall of the dragcalculationsin this study,thewakeisextended30semisl)ansdownstreamof the

trailing e(lge,and thu Trefftz planesurveyis located15semisl)ansdownstreamof the trailing edge.
TheA502high-orderpanelcode,or theTranairfull-potentialcodeisusedto computethevelocityand

perturbationpotential at thesepoints. The velocityin the wakeat.a particular station is foundby

averagingthevelocitiesof the(:orrest)on(tingpairof surveypoints,andthejump in potentialacrossthe
wakeis foundl)y t.h(_differencein potential betweenthe twot)oints. Theseresultsarethen integrated

numericallyby thetrapezoidrule.

3.3 Influence of Wake Shape on Far-Field Drag Computation

In section3.1,the far-fieldintegralexI)ressionfor the induceddragisderivedfor thecasesof a stream-
wisewakeand a force-freewake.The consequenceel anyotherwakeshapeis that the contributionof

th(,wake-1)oundingsurfaces,S_and H(,_, to th(, force computation is nonz('ro. In other words, the drag

(or thrust) (m the wak(, shows up in the far-field integration. A pathological examt)le of this is a wake

which folds ont() itself in the t)lane of symmetry, as shown in figure 10. Here, the vorticity on the two

halves of the wake cancel and the Trefftz-plan(_ drag is zero. While this shape is rather nonphysical, so

is the commonly us(,d streamwis(_ wake.
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Figure 9. Survey points used to determine wake properties in Trefftz plane.

Figure 10. Nonphysical wake shape with zrro drag.
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It is not sufficient to argue that the wake deforms only slowly, and that the deformation has

little effect on the downwash induced on the wing, as may be argued in the case of surface pressure

integration. For the force-free wake, there is a small contribution to the drag from u-perturbation

velocities produced by the wake, given in equation (32). For simplicity, only the case of low Mach

number is considered here. For low speed flows, the u-perturbation contribution is:

ff( o 
-2P_ J J6 \ Oz - u2,]

ds (38)

As shown in section 3.1, these terms are of O(w4), and axe traditionally neglected in the far field where

the contribution from the bound vorticity has died out. The magnitude of these terms for a typical

wake are evaluated numericMly in section 6. The benefit of neglecting these terms is that the expression

for the induced drag reduces to the simple line integral in equation (33), The same expression is exact

for the streamwise wake model. However, the question of whether the induced drag computed from the

streamwise wake model is the same as the drag computed from a force-free wake model remains. This

question actually has two parts. First, if the circulation distribution shed into the wake is fixed, is the

Trefftz-plane drag affected by the wake shape, and secondly, is the circulation distribution affected?

The first question may be addressed by introducing a partition surface into the control volume, in

between the wing and the Trefftz plane. This partition is illustrated in figure 11. The arrangement

of the control volumes resulting from this partition is shown in figure 12. The forward, side, top, and

bottom faces of the neax-field control volume are still moved far away, so the induced drag within the

near-field volume may be evaluated by a surface integral on the partition using equation (26) simplified

here for low Mach number:

1 (y2 W 2Di = -_po_ //p + - u2) ds (39)

where the subscript P denotes the partition surface. Note that this integral is not restricted by the

fax-field assumption that the influence of the wing has died out. The induced drag within the entire

fax-field control volume is still given by equation (32). Provided that the wake is drag-free, the induced

drag within the wake control volume is zero. It follows that the two drag computations must agree.

Now. the portion of the force-free wake downstream of the partition may be replaced with a drag-free

wake constructed as a freestream projection of the trace of the wake on the intermediate partition. The

drag computed on the two planes will still agree. Of course, this does not preclude that both results may

change. The wake substitution changes the perturbation velocities induced on the partition surface by

the wake by changing the deflection angle of half the wake with respect to the partition. This removes

approximately half the u-perturbation. Perhaps more important, the wake substitution also increases

the effective distance between a vortex filament and a point in the plane, reducing the induced v and

w perturbations, as shown in figure 13. If a wake filament has little or no curvature, the reduction of

induced velocity is proportional to the cosine of the deflection angle. However, if the vortex curvature is

significant, the modification of the induced velocity field in the partition may be more pronounced. As

mentioned before, the wake deforms slowly for typical wings, so these effects are expected to be small.
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Figure 11. Intermediate partition in control volume.
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Figure 12. Near-field and wake control volumes.
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Figure 13. Wake substitution modifies induced velocities.

This allows substitution of a streamwise wake downstream of the partition with only small error. The

need for high-accuracy drag prediction for this study requires that the magnitude of these effects be

quantified. In section 6, the change in drag computed in the Trefftz plane produced by streamwise wake

substitution is investigated numerically for two typical planar wings. Those results confirm that the

error is negligible, even for the requirements of this study. For typical wing planforms, the deflection

angle and curvature of the individual vortex filaments do not vary significantly along the length of

the wake, so these small errors do not increase with proximity of the substitution point to the lifting

system. The additional u-perturbation induced by the bound vorticity on the wing is not affected

by the wake substitution. Therefore, the streamwise wake substitution may be made immediately

downstream of the lifting system, as long as the above assumptions are valid. There may be cases

where the wake deforms rapidly for a short distance downstream of the wing. In these cases, the high

wake curvature may introduce some error, and the wake substitution should be delayed for a short

distance downstream. As the partition where the streamwise wake substitution is made is brought

close to the downstream extremity of the lifting system, most of the force-free wake and its influence

on the wing planform is removed. In the special case of a wing with an unswept trailing edge, all of

the wake may be replaced. In other cases, a small portion of force-free wake remains, as shown in

figure 14. At this point, one may be tempted to extend the process of wake substitution further by

arguing that the intermediate partition need not be perpendicular to the freestream. In particular, it

might be arranged to match the trailing edge sweep of the wing, allowing more of the force-free wake

to be eliminated. The full application of this argument, after all, leads to the traditional streamwise

wake model where all of the force-free wake is substituted. However, when this is done, the changes in

perturbation velocities induced on the partition surface are no longer negligible. Equation (39) must

be re-cast to account for the orientation of the partition. In the following example, the partition is

rotated by an angle A about the z-axis. Since the purpose of the rotation is to match a trailing edge

sweep angle, ), is not considered small. The revised expression for the induced drag on P is:

Di = _Pocl /_(v 2 + w 2 - u2) cos,xds+po_/f uvsinAds (40)

3O



Near-Field Wake

Near-Field Partition

Figure 14. Near-field portion of force-free wake remains after substitution.
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For a two dimensional (infinite) wake, the second integral is zero since the u-perturbation con-

tributed by each individual vortex filament is an odd function of y centered about the filament, and the

v-perturbation is an odd function of z centered about the filament. By superposition, this term would

integrate to zero. However, because the wake is not two dimensional and the surface is swept, the

distributions of u and v on the partition surface induced by each filament are not symmetrical. This

becomes more pronounced as the surface is moved to proximity with the wing trailing edge, where the

wake appears semi-infinite. Further, although u 2 is O(w 4) as before, the uv term is O(wa). When the

substitution of the streamwise wake is made, approximately half the contribution of the uv-perturbation

is removed. Even for a modest sweep angle A, this error is greater than the error produced by the more

restrictive case where the partition is perpendicular to the freestream. Planforms with forward sweep in

the trailing edge such as shown in figure 14 result in strong wake vorticity being shed well ahead of the

partition. Based on the preceding discussion, the replacement of the initial roll-up region of the wake

with a streamwise wake cannot be performed without substantially influencing the Trefftz-plane drag.

The presence of this remaining portion of force-free wake represents the potential for wake interactions

that would be overlooked by the traditional engineering approach. This wake interaction is discussed

further in the following section. There is still the remaining question of whether the wake substitution

modifies the distribution of bound circulation on the wing. Evidence suggests that the presence of

the force-free near wake does modify the circulation distribution slightly from the solution with the

classical streamwise wake (ref. 7). In any case, the numerical examples in section 6 quantify the errors

resulting from wake substitution, including the effect of any change in circulation distribution.

3.4 Nonlinear Considerations in the Application of Munk's Stagger Theorem

Munk's stagger theorem (ref. 16), that the induced drag of a lifting system is determined only by

the wake shape and the vorticity distribution in the wake, follows from the derivation of section 3.1.

However, this derivation required that the wake must be either the true force-free shape, or a drag-

free streamwise wake. Munk's condition for minimum induced drag for nonplanar wakes is that the

"normalwash" in the Trefftz plane is proportional to the cosine of the local dihedral angle.

V . fi = wocos3 (41)

Attempting to minimize drag by applying this condition on the force-free wake would be difficult,

since it would be practically impossible to design the wing that would produce a specific wake shape

and vorticity distribution. However, minimizing drag of wings with streamwise wakes has been done

extensively by Cone (ref. 8), Lowson (ref. 2), and others. Burkett and Lowson observed that the wake

shape is altered by a coupling between the longitudinal arrangement of vortex elements on the wing and

the angle of attack (refs. 45 and 2). Since all the vorticity sheds from the trailing edge, the projection

of the trailing edge onto the Trefftz plane determines the wake shape. The often-stated consequence
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of thestaggertheorem,that the longitudinalarrangementof vortexelementsdoesnot affectthe drag,
mustbereconsidered.A planarwingmaycreatea nonplanarwake,asshownin figure15.

This influenceof the trailing edgeshapeon the wakeshapeis still within the linear theory. The

conclusionsof section3.2suggestadditional,nonlinearinfluenceof the longitudinalstagger(planform
shape)on the wakeshape. The streamwisewakesubstitutioncanonly extendto the point where

the partition intersectsthe downstreamextremityof the lifting system. In essence,it is the shape

of the force-freewakeat this near-fieldpartition that influencesthe far-fielddrag. Planformswith a
significantportion of force-freewakeremainingbetweenthe trailing edgeand the partition havethe

greatestpotential for favorablewakeinterferenceby creatinga highlynonplanarwake.Two planar
wingdesignswhichattemptto exploit thebenefitof a nonplanarwakearestudiedin section7.

Figure15. Planarwingproducinga nonplanarwake.
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4 APPLICATIONS OF COMPUTATIONAL METHODS FOR

INDUCED DRAG PREDICTION

In this section, two wing planforms are analyzed _dth the computational methods described in the two

preceding sections to assess the accuracy of induced drag predictions using surface pressure integration

and Trefftz-plane integration. The sensitivity of induced drag predictions to modeling details such as

surface panel density and flowfield grid density are studied to establish the level of expected accuracy

for induced drag prediction.

4.1 Subsonic Induced Drag Computation

Two wing planforms with elliptical chord distributions were analyzed with the A502 high-order panel

code to assess the accuracy of induced drag predictions using surface pressure integration and Trefftz-

plane integration. The two wings, shown in figure 16, are distinguished by the x-coordinate of the

wingtip. The traditional elliptical wing has an unswept 25 percent chord line so the x-coordinate of

the tip, normalized by the root chord is Xt = 0.25. The other wing has an unswept trailing edge so the

x-coordinate of the tip is Xt = 1.00.

The motivation for selection of these particular _dngs came from earlier studies by Van Dam (ref. 3).

He used the low-order panel method VSAERO (ref. 35) to evaluate a family of elliptical wings with

increasing values of Xt, as shown in figure 17. Each of these wings had AR = 7.0 and were lofted

with untwisted NACA 0012 sections. These wings were modeled with 1000 surface panels, using 50

chordwise panels (Nc = 50) and 10 spanwise panels (Ns = 10) on the upper and lower surface. The

panel spacing was chosen by a cosine function from leading edge to trailing edge, and a half-cosine

function from root to tip. The iterative wake relaxation feature built into VSAERO was used to model

the trailing wake shape.

Van Dam used surface-pressure integration to compute the induced drag of this family of wings. The

wings were analyzed at 4 deg angle of attack, producing a lift coefficient of about 0.34, representative

of cruise conditions. The span efficiencies predicted by Van Dam for this family of wings is shown in

figure 18. His results indicated a surprising reduction in induced drag as the tip was sheared back, with

a savings of 8 percent reported for the Xt = 1.5 "crescent-moon shaped wing." Van Dam attributed

the drag benefit to the favorable interaction of the rolled-up wake on the wing planform. These results

caused both intense interest and healthy skepticism throughout the aeronautical research community,

indicated by papers from Burkett, Smith and Kroo, and DeHaan (refs. 45, and 4-6). Although a

small benefit from wake interaction seems plausible for this planform, an 8 percent savings would be

surprising.

For this study, the Xt = 0.25 and 1.00 wings were analyzed with the A502 high-order panel method.

The panel spacing in the chordwise direction was defined by a (half- cosine) 125 function from the

leading edge to the maximum thickness point at 30 percent chord, and uniform spacing from 30 percent
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Xt=0.25 "Elliptical"

Xt=1.00 "Crescent"

Figure 16. Two elliptical wing planforms.
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chord to the trailing edge with some additional panels added near the trailing edge. The width of the

last panel at the trailing edge was 0.25 percent of the local chord, insuring that the Kutta condition was

imposed at a control point very near the physical trailing edge. This distribution produces somewhat

higher panel density near the leading edge than cosine spacing. The spanwise panel spacing was

defined by a (half- cosine) °s5 function, which concentrated more panels near the wingtip than a

cosine distribution. These panel spacings seem to provide the most satisfactory resolution of the

pressure distribution over the wing. The wing tip was cropped at a span-fraction of 0.9995 and closed

with additional panels. Figure 19 shows a typical panel arrangement on the Xt --- 0.25 elliptical wing,

with 1000 panels (Nc × Ns = 50 × 10 on the upper and lower surfaces), and a detail of the paneling of

the extreme tip. For convenience, the Xt = 1.00 wing will be referred to as a crescent wing, although

it lacks the extreme sweep of the Xt = 1.50 wing studied by Van Dam.

The trailing wake was modeled as a straight freestream extension of the trailing edge for both wings.

Note that for the crescent wing with straight trailing edge, this leads to a planar wake. For the classic

elliptical wing at nonzero angle of attack, the wake is not flat; the trace of the wake in the Trefftz plane

is curved.

4.2 Sensitivity to Paneling--Surface Pressure Integration

The sensitivity of induced drag calculated by surface-pressure integration to variations in surface panel

density was investigated by analyzing both wing geometries with a range of panel densities. The span

efficiency for each case was determined from the lift and drag coefficients computed by A502. The

surface-pressure integration within the A502 code assumes a linear pressure distribution over each sub-

panel, consistent with the quadratic distribution of doublet singularities (ref. 37). The variation of span

efficiency for the crescent and elliptical wings with spanwise panel refinement is shown in figure 20.

For Ns =10, the predicted span efficiencies for the elliptical and crescent wings are 0.982 and 1.042,

respectively. These results agree closely with Van Dam's results of 1.00 and 1.047 with the same

spanwise panel density, even though the panel distribution is somewhat different.

Initial studies focused on refining both the chordwise and spanwise paneling, but found that

70-80 chordwise panels on each surface is adequate. This is evident from two cases with the same

spanwise panel density. As shown on figure 20, panelings of Nc × Ns = 72 × 36 and 86 × 36 for

the crescent wing resulted in virtually identical computed span efficiency. Spanwise panel density had

a strong effect on the pressure-integrated span efficiency, especially for the crescent wing. The span

efficiency predicted for the crescent wing decreased almost 7 percent as Ns is increased from 10 to

69. For the same panel refinement, the elliptical wing span efficiency decreased almost 3 percent. As

the spanwise panel density was increased, the predicted drag difference between the two planforms

decreased from 6 percent to 1.8 percent. The computed span efficiency for both wings continued to
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Figure19.Typicalsurfacepanelmodel.
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Figure 20. Effect of spanwise panel density on span efficiency computed by surface pressure integration.

decrease, even with Ns = 69, over 11,000 total panels, requiring cpu time well beyond practical limits

for most applications.

The spanwise distribution of lift and induced drag for the two wing planforms were determined

by integrating the surface pressures on panel columns of constant span. The lift distributions for the

crescent and elliptical wings are shown in figure 21, along with a true elliptical distribution. The

crescent wing (Xt = 1.0) exhibits a more nearly elliptical loading than the classical elliptical wing

(Xt = 0.25). Recall that the classical elliptical wing concept arises from lifting line theory, where the

trailing wake from an elliptical circulation distribution produces uniform downwash on an unswept

lifting line. It follows that an elliptical chord distribution would produce the elliptical loading, since

the induced angle of attack is constant. In reality, the downwash distribution over the actual wing

surface where the bound vorticity is distributed is not uniform, leading to a somewhat nonelliptical

loading. Of course, a truly elliptical circulation distribution is unachievable since it requires an infinite

vorticity strength along the free edge of the wake.

Figure 22 shows the distribution of induced drag along the span for both wings. The induced drag

distribution on the elliptical wing is nearly elliptical, reflecting more or less constant downwash along

the span. The effects of sweep on the crescent wing modify the downwash distribution, and therefore

the induced drag distribution along the span. Compared with the elliptical wing, the inboard portion

of the crescent wing produces less lift and more drag, resulting from greater downwash. Similarb_

induced upwash on the the tip region creates a considerable amount of thrust. The rapid variation of
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drag on the outboard portion of the crescent wing shown in figure 22 indicates large spanwise pressure

gradients which are more difficult to resolve, so this planform incurs greater integration error.

Errors in pressure integration are evidently planform dependent when the spanwise resolution is

inadequate. The change in span efficiency with initial panel refinement is associated with more ac-

curate resolution of the three-dimensional flow near the win_ip. As the panel density is increased

further, the convergence behavior is consistent with the hypothesis described in section 2.2, that the

changing physical distance where approximations to the AIC's are introduced makes convergence of

the induced drag difficult. DeHaan demonstrated very similar convergence properties with the Douglas

panel method (ref. 5).

4.3 Sensitivity to Paneling--Trefftz Plane Integration

For each of these cases, the induced drag was also determined by Trefftz-plane integration, shown

in figure 23. Span efficiency was computed from the Trefftz-plane drag and the pressure-integrated

lift. There was very little sensitivity of the Trefftz-plane results to spanwise panel density since the

distribution of wake properties was integrated numerically. With Ns = 10, the computed drag of the

elliptical wing is within 1 percent of the result with Ns =20, and within 1.5 percent of the result with

Ns = 69. The computed span efficiency of the crescent wing is 0.991, compared with a span efficiency

of 0.984 for the elliptical wing. The crescent wing result is 0.85 percent better than the elliptical wing,

half the drag reduction predicted from highest resolution pressure integration.
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4.4 Sensitivity to Angle of Attack

To further study the reliability of both methods of induced drag computation, both wings were run

at various angles of attack. For the untwisted planforms studied here, the span efficiency should not

vary with angle of attack, except for the (very small) effect of the nonplanar wake on the elliptical

wing, which should increase span efficiency at higher angles of attack. As angle of attack was varied,

the location and shape of the leading edge suction peak changes, affecting the accuracy of the surface-

pressure integration. In addition, the induced drag at low angles of attack is quite small, so numerical

errors may have a more significant impact on the integration. The variation of span efficiency found

by surface-pressure integration, shown in figure 24, seems to indicate that this is indeed the case.

Even with very high panel density (Nc × Ns = 86 × 36), the pressure-integration results show strong

dependence on angle of attack. No such dependence on angle of attack is evident in the Trefftz-plane

integration, as shown in figure 25.

4.5 Conclusions Regarding Computational Prediction of Induced Drag

When the spanwise panel density is increased sufficiently, the span efficiency found by pressure inte-

gration is slightly less than 1.0 for both the elliptical and crescent wings. These results are consistent

with the nearly elliptical span loading produced by both wings. The unusually high span efficiencies

reported by Van Dam are apparently a numerical artifact of inaccurate pressure integration. The lack

of convergence of the drag predicted by pressure integration, and the sensitivity to planform, indicates

that this is not a satisfactory method for comparing span efficiency of various wings.

Trefftz-plane integration is evidently a much more reliable method of determining induced drag.

The span efficiency computed with 20 spanwise panels agrees with the result using 69 spanwise panels

to within 0.5 percent. The 0.85 percent difference in span efficiency between the elliptical and crescent

wings, analyzed with streamwise wake models, is consistent with the difference in span loading. The

impact of correctly modeling the force-free wake on the induced drag of these wings is discussed in

section 6.

4.6 Modification of Elliptical Wing to Achieve Elliptic Span-Loading

As observed in section 4.1, the spanwise lift distribution on the Xt = 0.25 elliptical wing deviates

somewhat from an elliptic distribution. This is the result of nonuniform downwash induced over the

wing surface by the trailing wake. The effective sweep of the outboard region of the Xt = 1.00 crescent

wing modifies the downwash distribution, leading to a more nearly elliptic loading. Camber, twist, or

alteration of the chord distribution may also be used to increase the loading on the outboard region

of the unswept wing. From the point of view of the airplane designer, camber and especially twist

modifications are undesirable for increasing the loading near the tip, since premature tip stall may

result. An increase in chord would have the effect of achieving a more desirable span loading while
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reducing the section loading, delaying stall. The chord distribution of the Xt = 0.25 wing was modified

through an iterative process of increasing the chord by the amount (percentage) of the deficit in loading

at each span station. The span loading for the new wing was computed and the process was repeated.

Three iterations of this process produced the wing planform shown in figure 26. As shown in figure 27,

the lift distribution for this wing is as close to the elliptic loading as the Xt = 1.00 crescent wing. The

computed span efficiency for this wing was 0.990, the same as the Xt = 1.00 crescent wing.

Figure 26. Modified Xt = 0.25 elliptical wing.

4.7 Transonic Induced Drag Computation

The same Trefftz-plane procedure used in section 4.1 m_ be used with a transonic full-potential flow

solver, provided the required wake properties can be obtained. To evaluate the Trefftz-plane procedure

for transonic flows, the Xt = 1.00 crescent wing was analyzed with the Tranair full-potential code with

the angle of attack fixed at 5 deg.

The first task in using the Tranair code was to develop a set of grid directives that produced an

accurate "grid-independent" solution. Tranair allows the user to identify regions of the solution where

different constraints on the level of grid refinement may be imposed. The automated procedure for

solution-adaptive grid refinement within Tranair focuses on regions with high flow gradients such as

the leading edge and wingtip regions. Without constraints on grid refinement, Tranair would over-

emphasize these regions at the expense of regions where the gradients are relatively small, such as the

mid-chord region of the wing.

Initial solutions of Tranair at a Mach number of 0.01 with various grid directives resulted in as

much as 2 percent variation in predicted lift coefficient. Analysis of these results indicated that poor
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Figure 27. Spanwise lift distribution for modified elliptical and crescent wings.

resolution of the flow in the mid-chord region of the wing was the source of the variation. Subsequent

solutions used grid directives to enforce a minimum level of grid refinement in this area. Three solutions

were obtained with minimum refinements of 2 levels, 3 levels, and 4 levels, and a maximum refinement

of 7 levels. The total number of grid boxes used were 510,000, 630,000, and 770,000, respectively. The

variation in lift coefficient for these three solutions was 0.2 percent. A cross-sectional slice through the

grid illustrates the unstructured cartesian grid, shown in figure 28.

Trefftz-plane drag integration was applied to Tranair solutions for Mach numbers of 0.01 through

0.70 to study the effect of Mach number on the span efficiency of an unswept wing. The Trefftz plane was

located 5 semispans downstream of the trailing edge. As with the panel-code study in section 4.1, span

efficiency was computed from the pressure-integrated lift and the Trefftz-plane integrated drag. There

was a small increase in computed span efficiency with increasing Mach number, up to the critical Mach

number, as shown in table 1. Above the critical Math number, the span efficiency decreases slightly.

The span efficiency predicted for the crescent wing at Mach number = 0.01 is about 1.5 percent higher

than the same ease predicted by the A502 panel code. This difference is not surprising given the

entirely different solution method and assumptions. As one would expect from the nearly-constant

span efficiency, there was no influence of Mach number on the shape of the spanwise lift distribution

of the crescent wing, shown in figure 29. Since the angle of attack was fixed, the wing lift coefficient

increased with Mach number. As an aid in comparing the shape of the lift distributions, the lift
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Table 1. Span efficiency versus Mach number for the Xt = 1.00 crescent wing, ct = 5 °

Mach no. 0.01 0.3 0.5 0.6 0.65 0.7

CL 0.427 0.442 0.478 0.512 0.533 0.569
e 1.006 1.007 1.009 1.011 1.012 1.002
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distributions plotted in figure 29 have been normalized by maximum section lift coefficient for each

Mach number.

These results demonstrate the conclusion from section 3 that the wave drag does not appear in the

Trefftz plane for potential flows. The solution at Mach number of 0.7 had considerable supersonic flow

and a large shock on the upper surface, yet the computed span efficiency is very near the subsonic

value.

48



5 INFLUENCE OF COMPRESSIBILITY ON INDUCED DRAG

In the last section, the technique for computing induced drag in the Trefftz plane was demonstrated for

transonic flow using the Tranair full-potential code. Results for the unswept crescent wing indicated

that there was no significant change in spanwise lift distribution or computed span efficiency as the

Mach number was increased. While useful as a test case, the crescent wing is not representative

of wings designed for transonic flight. Compressibility may be expected to affect the induced drag

through two mechanisms. First, while the induced drag produced by a given circulation distribution

is not affected by Mach number, the lift is affected by the change in the relationship between velocity

and pressure. Second, the spanwise lift distribution of a swept wing is expected to change as Mach

number is increased. The influence of Mach number on a swept wing is anticipated by the Prandtl-

Glauert transformation, which has the effect of stretching the geometry in the freestream direction,

increasing the effective wing sweep. The increase in sweep changes the lift distribution. While this

effect is included in the solution of the linear Prandtl-Glauert equation, its effect especially important

for "supercritical" wings that operate under conditions where the Prandtl-Glauert equation is no longer

valid. In this section, the influence of compressibility on a modern supercritical swept wing designed

for a commercial transport is investigated.

5.1 Relationship Between Circulation and Lift in Transonic Flow

In incompressible flow, the Kutta-Joukowski law expresses the relationship between circulation and

lift in two dimensional flow as L t = pUo_F. The lift on a finite wing may be found by integration of

the circulation along the span, or equivalently, by integration of the circulation in the trailing wake.

But the lift is also the resultant of the surface pressure distribution. The circulation and the pressure

distribution are both related to the velocity distribution over the wing. The circulation is defined by

a contour integral around the airfoil, F = _7V • tdl, while the pressure is related to the velocity by the

Bernoulli equation.

The equivalence of the lift determined by the circulation and pressure integration in incompressible

flow is easily demonstrated by a simple model problem of a constant-pressure panel, shown in figure 30.

An appropriate distribution of vorticity is specified on the thin panel so that the perturbation velocity

on the surface is constant. The circulation becomes F = fV • t, dl = 2uc, and the lift is L r =

pUooF = 2puUooc. The pressure on the upper and lower surfaces are Pu = Poo - ½P(U2 + 2uUoc) and

Pl = Poo + ½P(U 2 + 2uUoo), so the pressure integrated lift is (Pz - pu)c = 2puUocc.

The relationship between pressure and velocity is modified in compressible flow, as described by

the isentropic Bernoulli equation. For a given u-component velocity perturbation, the local pressure

changes as Mach number is increased. However, since the circulation is not affected by the increase in

Mach number, a discrepancy develops between the Kutta-.]oukowski lift and the pressure-integrated

lift. To assess the magnitude of this discrepancy; the lift on the constant-pressure panel, figure 30,
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was evaluated by both methods for a range of Mach numbers and panel lift coefficients. As shown in

figure 31, compressibility reduces the lift below the value predicted by the Kutta-Joukowski law by a

modest amount, about 2 percent at a Mach number of 0.8 and a lift coefficient of 1.0. On a real wing,

this effect varies over the surface with the magnitude of the local velocity perturbation, and the actual

reduction in lift must be determined numerically.

As discussed in section 3, the Trefftz-plane drag is not affected by compressibility since the velocity

perturbations in the far field are small. The expected result of this loss of lift with fixed circulation is

a small decrease in span efficiency as Mach number is increased. The induced drag predictions for the

Xt = 1.0 crescent wing in section 4 did not indicate that this compressibility effect was significant, but

those calculations were limited to a Mach number of 0.7 and a CL of 0.57. This effect will be studied

further in the next section, using a modern "supercritical wing" design for a commercial transport.

5.2 Influence of Mach Number on the Induced Drag of a Swept Wing

As mentioned above, a change in the spanwise lift distribution of a swept wing is anticipated by

the Prandtl-Glauert equation. While this may be regarded as a linear effect, its consequences are

especially important as Mach number increases beyond the range where the Prandtl-Glauert equation

is applicable, necessitating nonlinear analysis.

To study this effect on lift distribution, and the corresponding effect on span efficiency, a modern

supercritical wing designed for a commercial transport was analyzed with Tranair. The wing planform

is shown in figure 32. The wing geometry included the wing deflection under 1-g flight conditions.

The wing upper and lower surfaces were modeled with a panel distribution of Ns = 32 and Nc = 76.

The spanwise panel distribution was approximately uniformly spaced over the inboard 85 percent of

the span, with closer spacing near the tip. A streamwise wake model was used, with the Trefftz-plane

survey located 6 semispans downstream of the trailing edge. The distribution of Trefftz-plane survey

points is determined by the spanwise panel distribution. While this distribution was less desirable for

Trefftz plane integration than the cosine distribution normally used, it was considered adequate for a

study of the relative effects of Mach number on lift distribution and span efficiency. The grid directives
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specified to control the solution-adaptive grid scheme of Tranair were the same as those used for the

crescent wing in section 4. The solution used a total of 770,000 grid boxes, with minimum of three

levels, and at most seven levels of grid refinement on the wing surface. Span efficiency was computed

using the same technique as described in section 4, using the pressure-integrated lift and the Trefftz-

plane integrated drag. The wing was analyzed at Mach numbers of 0.01, 0.6, 0.7, and 0.8, with the

angle of attack fixed at 2 deg. The same wing geometry was also analyzed with the A502 high-order

panel method at Mach numbers of 0.01 and 0.6. The spanwise lift distributions for these conditions

are shown in figure 33. The lift distributions have been normalized by the maximum lift for each case

to allow comparison of the distribution shapes. As expected, the lift distribution on the swept wing

was affected by increasing Mach number. The increase in effective sweep produced an increase in the

loading on the outer portion of the wing. At a Mach number of 0.01, the Tranair and A502 solutions

agree, whereas at a Mach number of 0.6, there is slight disagreement. At Mach 0.6, a small region of

supersonic flow was present on the inboard third of the wing near the leading edge, indicating that this

case is slightly above the range of validity for the linear panel method. Since the wing was designed to

fly at a Mach number of 0.8, the nonlinear full-potential method was required to design the wing to

achieve the desired spanwise lift distribution.
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The predictedspanefficiencyfor this wing overthis rangeof Machnumberis givenin table 2.
It wasobservedin section4 that the spanefficiencypredictedwith Tranair is typically 1.5 percent

higher than the A502 result. This characteristic is evident here as well. In addition, the spanwise

distribution of survey points for Trefftz plane analysis may not produce results of comparable accuracy

to the crescent wing study. Despite the issue of absolute accuracy, these results are expected to reflect

the trend in span efficiency with increasing Mach number. It is evident that there is an increase in span

efficiency with increasing Mach number, due to the change in the spanwise lift distribution. Although

a span efficiency of 1.05 may seem unlikely, the 1-g wing deflection produces a nonplanar wake with a

height-to-semispan ratio (2h/b) of 0.18. Based on reference 7, an optimally loaded wing with circular

deflection of this magnitude is expected to achieve a span efficiency of 1.02.

To investigate the significance of the compressibility effect that reduces the lift below the

value expected from the circulation, the lift was calculated in the Trefftz plane by integration of

L = pUoc f AC00_fidy along the wake trace. The resulting values of lift coefficient are compared with

the pressure-integrated lift in table 3. The lift computed in the Trefftz plane is slightly less than the

pressure-integrated value at very low Mach number, while the two methods agree more closely at a

Mach number of 0.8. This may indicate that the compressible effect of reducing the pressure-integrated

lift slightly is present here, but the effect is evidently negligible for this wing at this Mach number and

lift coefficient.

Table 2. Variation of span efficiency with Mach number for swept wing, c_ = 2 °

Mach no. 0.01 0.6 0.7 0.8

CL 0.366 0.435 0.479 0.593

e_A502 0.974 0.988

e_Tranair 0.985 1.013 1.026 1.051

Table 3. Comparison of pressure-integrated lift and lift based on circulation

Mach no. 0.01 0.8

CL_pressure int. 0.3662 0.5929

CL_pU_F 0.3654 0.5925
% difference -0.2% -0.06%
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6 COMPUTATIONAL MODELING OF FORCE-FREE WAKES

The far-field drag expressions derived in section 3 indicate the importance of accurately modeling at

least the initial roll-up of the near-wake if any favorable interaction is to be found. As cited in section 1,

a variety of techniques exist for computing the force-free wake shape downstream of the wing. The most

widely used methods use a vortex-lattice model of the wing and wake (refs. 27-32). Both collocation

and time-marching schemes have been used to relax the discrete-vortex wake to the force-free shape. In

all cases, the velocities induced on the wake are computed and the wake is displaced to align the wake

vortices with the local flow. A viscous core model is required to prevent erratic behavior of the vortex

filaments when they pass near each other. Most schemes use some variation of Lamb's core model

(ref. 29). Once the force-free wake shape is created, it can then be converted to a panel geometry for

drag analysis by the high-order panel code, using the technique demonstrated in section 4.

6.1 Initial Studies with Vortex-Lattice Wake Relaxation

To study the influence of wake modeling on the computation of induced drag for the wings described in

section 4, the time-marching vortex-lattice wake relaxation program of reference 27 was used to create a

rolled-up wake model for Xt = 1.00 crescent wing at 4.0 deg angle of attack. The wake was modeled by

50 trailing vortex filaments, distributed by a cosine function along the span. The timestep was chosen

so that the streamwise resolution was 0.1 chord. The wake was allowed to grow to a point 20 semispans

downstream, and then truncated to a length of 15 semispans to remove the starting vortex and the

region of wake distorted by its influence.

A panel model was created with NACA 0012 airfoils on the wing and the wake geometry defined

by the relaxed discrete-vortex wake. The 50-vortex wake model was edited to 18 spanwise panels on

the wing and wake. The thickness effects captured by the panel model of the wing resulted in higher

lift than the mean-surface vortex lattice model at the same angle of attack. The angle of attack of

the wing was adjusted to 3.57 deg to match the lift coefficient of the vortex-lattice model. This is

important since it is the wing circulation that determines the wake shape.

The computed span efficiency for this model was 1.035, almost 5 percent higher than the expected

value based on the streamwise wake result, e = 0.99. For the Xt = 1.00 crescent wing (straight trailing

edge), the hypothesis presented in section 3 predicts that the substitution of the streamwise wake should

have very little effect, since the partition may be moved to the trailing edge, completely eliminating

the force-free wake.

The same vortex-lattice wake was re-edited to create a panel model with 19 spanwise panels to

improve the resolution of the wake roll-up. The span efficiency computed with this wake was 1.058. A

second vortex-lattice wake was generated with half the timestep size, again to improve the resolution of

the wake shape. The panel model was again edited to 19 spanwise panels. For this wake, the computed
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spanefficiencywas1.082.The smallchangein wakeshapethat producedthis largechangein the

computedspanefficiencyis shownin figure34.
The results in section4 demonstratethat 18 panelsprovideadequatenumericalresolutionfor

integrationin the Trefftz-plane.The unexpectedlow drag prediction,and the variationin predicted

drag from small changesin the wakemodel,wereassumedto be more likely relatedto errors in
wakeshape(not drag-free)than to any favorableinfluenceof the rolled-upwake.Evidently,the drag

computedin the Trefftzplaneis highlysensitiveto detailsof the wakeshape.
Onepossiblesourceof error in wakeshapeis the approximationof the wingboundaryconditions

inherentto the vortex-latticemethod. The wakeshapeis determinedby velocitiesinducedby the

boundandtrailing vortexsystems.But vortex-latticemethodshavevelocitysingularitiesat thepanel

edges,andthe velocitiesarecorrectonly at the controlpoints.Significantvelocityerrorsexistat other

pointsin the field. If velocityerrorsexiston thewakenearthe trailing edge,this wouldleadto errors

in wakeshape.
A simplemean-surfacemodelof an AR = 5 rectangular wing was used to compare the wake

velocities predicted by the vortex-lattice code and the high-order panel code (A502). The wing model

had 20 uniformly spaced spanwise panels and 6 chordwise panels, typical of what would be used for

a wake relaxation problem. Figure 35 shows distributions of normal velocity, w, on the wake for the

first chordlength downstream of the trailing edge, at 82 percent semispan. The vortex-lattice method

predicts normal velocities very similar to those from A502, except in the immediate vicinity of the

trailing edge. The discrete vortex representation does not accurately model the wing flow at the

trailing edge.

6.2 A Hybrid Wake Relaxation Scheme

One method of improving the velocities near the trailing edge is a hybrid wake-relaxation method that

takes advantage of the more accurate velocities of the panel method while exploiting the well-behaved

nature of the discrete-vortex wake with a viscous-core model. The high-order panel method is used to

compute the velocities induced on the wake by the wing, while the velocities induced by the wake itself

are computed from the discrete-vortex model. The wake vortex strengths are determined from the

vorticity distribution on the wake from the panel code. The relaxation scheme iteratively repositions

the wake to be tangent to the local flow.

A flow chart of the iteration process used to relax the wake shape is shown in figure 36. The

notation used to identi$" the nodal locations in the wake is shown in figure 37. At the beginning of

each iteration, a complete flow solution for the wing and wake geometry is obtained from the high-order

panel code. The aerodynamic influence coefficient (AIC) matrix and the singularity strengths for this

solution are saved to permit evaluation of field velocities from the solution. A survey of wake properties

along the wing trailing edge is used to determine the wake circulation, given by the jump in potential
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Figure 36. Hybrid wake relaxation process.
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Figure 37. Sequence of steps of space march.

across the wake, A¢ and an equivalent discrete-vortex representation of the wake is constructed. The

discrete vortex locations correspond to the panel edges of the distributed wake of the panel model. The

vortex strength is equal to the drop in circulation from one panel-center to the next, _,'3 = ACJ+I - ACj.

A downstream space-march is then used to convect the wake to align it with the local flow. Figure 37

shows the sequence of steps of this space-march. The restart feature of the panel code allows the

saved AIC's and singularity strengths to be used to compute the velocities induced by the wing system

(not including the wake) along a spanwise row of nodes on the wake. The wing-induced velocities are

combined with velocities induced by the discrete-vortex wake, which are computed at the same nodes

using the Biot-Savart law, modified by the viscous-core model of reference 27:

_-h2"_)) (42)= ¼.s,(1- e

where V/ is the induced velocity, Vb.s is the induced velocity computed by the Biot-Savart law, h is the

radial distance from the vortex, and x is the distance from the vortex source (trailing edge). A value

of effective core viscosity, u = 0.00075 was found to be suitable. A second-order Adams-Bashforth

method uses these hybrid velocities and those saved from the previous row of nodes to determine the

correct location of the next row of nodes so that the intervening wake segment is tangent to the local

flOW"

* u__dx .3 _v__l l) (43)
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Z* dx .3 1
,+i: + - (44)

where Y*, Z* are interimvalues,and i isthe currentnode index. Although the convergence rateis

reduced,the method ismore robustwith the nodal displacementreduced by an under-relaxationfactor,

r, such that:

dy n-1 (45): * -Y +I )

dz = r(Zi*+l- Z_+l 1) (46)

Finally, the nodal displacements are applied:

_i + l---*_rnax n-1n : Y_+l--*imaz + dy (47)

n n-1
Z_ + l_._.irnax -+-= Z +i_im dz (48)

where i is the node index and n is the iteration index. For this study, an under-relaxation value of

r = 0.5 was used. Note that at each step in the space march, the entire wake downstream of the current

node is displaced, as illustrated in figure 37.

Once this marching process propagates to the downstream boundary of the wake, the next iteration

begins with a new flow solution from the panel code with the revised wake geometry. The update of

the AIC's and singularity strengths is necessary because the wake displacement modifies the influence

of the wake on the wing. This iteration process is repeated until the wake shape converges. Experience

with this method has shown that convergence to a qualitatively reasonable wake shape takes three or

four iterations, but convergence of the Trefftz-plane drag computation to within 0.25 percent requires

approximately 12 iterations.

6.3 Application of Hybrid Wake-Relaxation Scheme

This hybrid wake-relaxation scheme was applied to the Xt : 1.00 crescent wing to determine whether

the force-free wake could be modeled with sufficient accuracy to allow Trefftz-plane integration for

induced drag. The wake was relaxed for 12 iterations to a point 5 semispans downstream. From that

point, the wake was extended in the freestream direction for a length of 30 semispans. A comparison

of the wake shape produced by the hybrid scheme and the vortex-lattice method is shown in figure 38.

Drag was integrated in a Trefftz plane 15 semispans downstream of the wing. The resulting span

efficiency is 0.992, much closer to the expected value. Table 4, gives a comparison of this result with

those using the streamwise wake and the vortex-lattice wake models.
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Table 4. Span efficiency of Xt = 1.00 crescent wing, CL ----0.30

Wake Streamwise Vortex lattice Hybrid

e 0.991 1.082 0.992

6.4 Error from Neglecting the u-Perturbation Velocity for Force-Free Wakes

In section 3.1, the reduction of the surface integral to the classical Trefftz-plane contour integral for

induced drag with force-free wakes required neglecting two terms involving u-perturbation velocity

contributions. The Trefftz-plane drag results presented to this point have all been evaluated on wakes

extending in the freestream direction, so the u-perturbation, and its gradient 0u_, are clearly zero.

However, as pointed out in section 3.2, the substitution of the streamwise wake modifies the velocity

field in the partition by approximately half the u-perturbation and its gradient, thus modifying the

drag computed from the contour integral in the Trefftz plane. The magnitude of the neglected terms

and their influence on the Trefftz-plane drag may be assessed by evaluating area integrals in a plane

downstream of a typical wing with a force-free wake.

The magnitude of these terms was computed for the Xt = 1.00 crescent wing with the accurate

force-free wake. The elliptically loaded AR = 7 wing at a CL = 0.30 is representative of a typical

wing at cruise conditions. An integration grid was established on a plane 3.5 semispans downstream

of the wing, with uniform grid spacing of 0.01 semispans. Recall that the force-free wake extends to
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a point 5 semispansdownstreamof the wing. Thegrid is illustratedin figure39. The perturbation

velocitiesand perturbation potentialwerecomputedat the grid points by the A502code,and the
integralsin equation(38) areevaluatednumerically. The valueof the (-u 2) integral resultedin a

ACD= -3.1 x 10-7, andthe (_zu) integral resulted in a ACD = 4.5 x 10-6. Neglecting these terms in

the Trefftz plane integral results in an error in drag coefficient of about 0.1 percent. To verify that the

integration region was large enough to capture all of the significant u-perturbation, a second integration

was performed on a much larger grid, also shown in figure 39. This required that the grid spacing was

much coarser, about 0.035 semispans. The value of the (-u 2) integral on this larger, coarser grid

resulted in a ACD = -3.5 x 10 -7, so the first grid appears to have been adequate.
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The classical contour integral is not expected to accurately predict the induced drag when the

plane is located close to the wing, where the bound vorticity contributes significant u-perturbations.

To estimate the magnitude of the (-u 2) integral in close proximity to the wing, the larger integration

grid was relocated to a point only 1.0 chord downstream of the trailing edge. The result was a

ACD = -1.0 × 10 -4, or about 2.5 percent of the drag. Accurate drag computation on the near-field

partition requires evaluation of the complete surface integral, equation (39). The (-u 2) integral was

also evaluated on the smaller fine grid at this station, but this time, only the velocity contribution from

the wake was included. The result was a ACD = -2.4 × 10-6, confirming that the large u-perturbation

near the wing is primarily due to the bound vorticity on the wing. The fact that the contribution from

the wake is still small close to the wing allows the streamwise wake substitution to be made very near

the wing without altering the velocities in the partition plane.

6.5 Effect of Streamwise Wake Substitution

The wake substitution hypothesis developed in section 3 indicates that the streamwise wake substitution

may be made from a point where the partition meets the downstream extremity of the lifting system.

The actual effect of the wake substitution on the computed induced drag was studied for the Xt = 1.00

crescent wing. For this wing, the wake was initially relaxed for a length of 5 semispans downstream.

From that point, the wake was extended in the freestream direction for a length of 30 semispans. The

force-free wake was truncated at various points and replaced with a straight, freestream extension of

the wake shape at the truncation point. Trefftz-plane drag integration was carried out at the same

plane for each case, 15 semispans downstream of the wing. For each case, the potential-flow problem

was re-solved, so any effect of the wake substitution on the bound circulation distribution was included

in the analysis. The results listed in table 5 indicate that for this particular planform, the computed

drag was not significantly effected by the substitution, even to the point of completely eliminating the

force-free wake. This was expected for this planform, since the trailing edge is unswept. The small

variation in lift coefficient indicates that there is a slight influence of the wake substitution on the bound

circulation. The variation in computed span efficiency for these cases is a measure of the accuracy of

the force-free wake model and the numerical integration. Apparently, induced drag may be computed

in the Trefftz plane, using the methods employed here, with a precision of about +0.25 percent.

Further confirmation of the wake-substitution hypothesis was gained from wake relaxation for

the Xt = 0.25 elliptical wing. The wake was relaxed for a length of almost 1 semispan downstream

(2.32 chordlengths), and extended in the same manner as the previous wake. The Trefftz plane re-

sults for this wing are given in table 6. In this case, the traditional wake model, where the wake is a

freestream projection of the trailing edge, results in an error of 1.5 percent compared with the force-free

wake model. When the force-free wake is replaced with a streamwise wake at a point just downstream

of the trailing edge at the wing root, the drag is within 0.5 percent of the value with the full length of
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Table5. Spanefficiencyvs. force-freewakelengthfor the Xt = 1.00crescentwing

Force-freewakelength 0.0 1.02 2.32 5.61 8.42 12.61
(chordlengths)

CL 0.30666 0.30555 0.30553 0.30552 0.30552 0.30552
e 0.991 0.988 0.990 0.988 0.989 0.992

Table 6. Span efficiency vs. force-free wake length for the Xt = 0.25 elliptical wing

Force-free wake length None 0.1 2.32

(chordlengths)

CL 0.30356 0.30169 0.29965

e 0.985 0.975 0.970

force-free wake. The 0.5 percent change is probably due to changes in the bound circulation distribu-

tion when the streamwise wake is substituted at the near-field partition, as well as minor errors in the

force-free wake model. Although the error associated with the traditional streamwise wake is plan-

form dependent, this result is probably typical for commonly used wing planforms. A 1.5 percent error

is acceptable for many engineering predictions of induced drag. The hybrid wake-relaxation scheme

successfully models the force-free wake shape for cases where higher accuracy is desired, or when the

possibility exists for a high degree of wake interaction. As shown here, only a small portion of the

force-free wake must be modeled to gain a significant accuracy improvement over the streamwise wake.
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7 PLANAR WING DESIGNS TO EXPLOIT FAVORABLE

WAKE INTERACTION

Work by Cone (ref. 8), Lowson (ref. 2), and others has demonstrated that the induced drag of a

nonplanar wing is lower than that of a planar wing of the same span and lift. The range of increased

span efficiency for various height-to-span ratios are shown in figure 40 for V-shaped dihedral, circular-

arc dihedral, and a wing with 90 deg winglet. As discussed in section 3, the wing need not be nonplanar

to experience this benefit. When the trailing edge is not straight, it sheds a nonplanar wake when the

wing is inclined at an angle of attack as shown in figure 15. While this effect is small for most wings

at the low angle of attack associated with cruise conditions, the effect is amplified at high angles of

attack used for climb and/or maneuver. These are often the conditions where induced drag becomes

an important design issue.

In this section, two planar wing designs are considered which exaggerate the nonplanar character of

the wake. A streamwise wake model is used for initial study, and where sufficient performance benefit

is found to warrant further study, a force- free wake is created using the hybrid wake-relaxation method

to enable more refined analysis.
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7.1 Nonplanar Wake from Planar Wing with Forced Side-Edge Separation

A typical wing analysis using linear panel methods assumes that the wake sheds only from the trailing

edge. In reality, there is often some degree of separation on the side edge of the wingtip. The vorticity

shed from the side edge forms a wake that is nonplanar, even in close proximity to the trailing edge,

as shown in figure 41. The structure of this side-edge vortex formation has been studied extensively,

experimentally by Chow and Zilliac (ref. 46) and computationally by Srinivasan (ref. 47). The charac-

teristics of a wing with this side-edge separation may be analyzed with panel methods by prescribing a

wake attached to the wingtip side edge. While the exact location and character of the separation may

be difficult to define for typical, well-rounded tip shapes, an approximate wake shape will give some

indication of whether the induced drag is influenced by the side-edge separation. Further, a wingtip

with a sharp side edge or chine may be designed which produces a specific separation pattern (ref. 48).

The nonplanar character of the wake can be exaggerated by forcing the flow around the wingtip

side edge to separate almost immediately behind the leading edge. The streamwise wake shed from

this wing replicates the wake shed from a wing with a winglet, as shown schematically in figure 42. If

the side edge is angled slightly, this corresponds to a winglet with less than 90 deg dihedral. For an

AR = 6 wing, a height-to-semispan ratio, 2h/b, of 0.05 is obtained at an angle of attack of 8.5 deg. A

streamwise wake shed from the 5 deg angled side edge corresponds to a winglet with 72 deg dihedral.

Side-edge Separation

Figure 41. Trailing wake produced by side-edge separation.
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As in the case of the wing with winglet, the optimal span loading is no longer elliptical. Compared

to an elliptical loading, more load must be carried on the outboard portion of the wing. The span

loading may be controlled by twist, camber, or planform shape. For this wing design, twist, and to

some degree, camber seem to be poor choices for increasing the lift load near the tip, since these would

produce higher section lift coefficients near the tip, leading to undesirable tip stall. On the other hand,

increasing the chord near the tip maintains moderate section lift coefficients while producing greater

wake height.

The optimal loading for a wing with 72 deg winglet was found using the discrete-vortex collocation

method of Kroo (ref. 49). The discrete-vortex method predicts a span efficiency of 1.04 for this wing,

compared with 1.01 for the elliptically-loaded planar wing. This optimal span loading was used as

a guide to shape an analytical function to describe the planform of a planar wing with the side-edge

separation modeled. A combination of "super-ellipse" functions defines most of the wing shape, with an

additional tangent function to describe the angled wing-tip side edge. The best span loading obtained

with this analytical planform definition is from the wing shown in figure 43, referred to as Planform A.

The analytical functions describing this wing are given below.

Xle(rl) = Xt(1 - (1 - 714)°25), X t = 0.015

rain _ Cr(0.75(1 - r/)l°) °l + 0.25(1 - @15)0.87),
Chord(rl)

t Ct + (1 - r/)tan(1.48),

Cr = 0.94

= 0.05

Figure 44 shows the span loading achieved on this wing compared with an elliptical loading and the

"target" loading from the discrete-vortex optimization. A summary of the computed span efficiency for

Planform A is shown in table 7. The result from the Xt = 1.0 crescent wing is provided for comparison

as an elliptically-loaded planar wing.

The span efficiency is expected to be dependent on angle of attack, since the effective wake height

varies with angle of attack. While it appears that this mechanism for increasing span efficiency is

working to some extent, only about 1.0 percent improvement over the elliptically-loaded planar wing

has been achieved. Figure 44 indicates that the target span loading has not been obtained near the

wingtip. The strong downwash induced by the tip vortex trailing along the wingtip side edge makes it

difficult to develop the required lift loading.

To achieve a span loading closer to the optimum, a second planform was developed with a piecewise

linear chord distribution. The chord distribution for this wing, referred to as Planform B, is given in

table 8, and the wing is shown in figure 45.
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Figure 43. Planform A.
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Table 7. Span efficiency of Planform A compared with the Xt = 1.0 crescent wing

Planform Angle of attack e
A 3.0 ° 0.985

A 8.5 ° 0.9996

Xt = 1.0 crescent 4.0 ° 0.990

Table 8. Chord distribution of Planform B

Span station (r/) 0.0 0.4 0.84 0.967 0.98 0.987 1.0

Chord 0.94 0.89 0.685 0.71 0.69 0.65 0.05

Figure 45. Planform B.
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The spanwise lift distribution for Planform B is shown in figure 46, compared with the elliptical

and target distributions. This wing produces a span loading somewhat closer to the target, but is still

unable to develop the desired lift load in the immediate vicinity of the tip, due to the large downwash

produced by the nearby tip vortex. The computed span efficiency for Planform B is given in table 9.

As further confirmation that the nonplanar wake shedding from the side edge is responsible for the

increased span efficiency with increased angle of attack, the 8.5 deg angle case was re-analyzed with the

wingtip side edge modeled with attached flow. The downstream "corner" of the wing-tip was shifted

outboard so that the wake would extend along the full wing span. This result is included in table 9.
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Figure 46. Spanwise lift distribution for Planform B.

Table 9. Span efficiency of Planform B

Angle of attack Span efficiency, e
2.5 ° 0.984

5.0 ° 0.994

8.5 ° 1.0044

8.5 °, w/attached side-edge flow 0.984

71



Thespanefficiencyof PlanformB is slightlybetterthanPlanformA, demonstratingalmost1.5per-

centimprovementovertheelliptically-loadedplanarwingat highangleof attack.Thevariationof span

efficiencywith angleof attack,andthelossof spanefficiencywhentheside-edgeseparationis removed,

confirm that the wakesheddingfrom the wingtip sideedgeis responsiblefor the improvement.But
the benefitis only abouthalf of the anticipated3 percent.Theseresultsarenot promisingenoughto

warrantfurther studywith a moreaccuratelymodeledwakeshape.
In thecaseof awing with a winglet,thewingletprovidesthe lifting surfacenecessaryto produce

the optimal lift loadnearthe tip, andrelocatestheshedvorticity awayfrom thewingtip, reducingthe

downwash.Without the contributionfrom the actualwinglet, it doesnot appearpossibleto achieve
anequivalentwakeshapeandcirculation distribution.

7.2 Nonplanar Wake from Planar Split-Tip Wing

A second concept for developing a highly nonplanar wake is the split tip arrangement shown in figure 47.

While "tip sails" and other types of split tips have been studied by Zimmer (ref. 1) and others, they

have typically inclined the tips at various dihedral angles. The planform presented here is planar. It

has been designed with the specific goals of producing a highly nonplanar wake at angles of attack,

Figure 47. Split-tip planform.

72



and promoting interaction between the aft tip and the tip vortex shed by the forward tip. The split-tip

planform was analyzed with the discrete-vortex method, LinAir (ref. 34), to get a quick, preliminary

estimate of span efficiency. At 9 deg angle of attack, the span efficiency predicted by the discrete-vortex

method was e -- 1.066.

A complete panel model of the wing was developed to allow analysis with the A502 panel code.

The main portion of the wing, and the two tip surfaces are lofted with symmetrical NACA 0012 airfoils

with no twist. A blended fairing provides a smooth transition from the main wing surface to the tip

surfaces, as shown in figure 48.

The initial analysis of the split-tip wing was performed with a traditional streamwise wake model.

A streamwise wake shed from the trailing edge of the forward tip would impinge on the upper surface

of the aft tip, so its shape was modified slightly to follow approximate streamlines over the surface until

free to trail in the freestream direction without intersecting the surface. The inboard edge of this wake

was abutted to the upper surface of the wing, modeling an attached flow where the wake follows the

upper surface to the wing trailing edge. The trace of this streamwise wake model in the Trefftz plane,

shed from the split-tip planform at 9 deg angle of attack is shown in figure 49. The height-to-semispan

ratio of this wake is 0.073, despite the fact that the wing itself is planar. The computed span efficiency

for this wing with the streamwise wake model is 1.048.

According to the hypothesis developed in section 3, streamwise wake substitution at a near-field

partition can be made only as close as the trailing edge of the aft tip. This leaves a significant

portion of the wake trailing from the forward tip and passing over the aft tip surface that must be

accurately modeled as a force-free wake. Substitution of this portion of the wake with a streamwise

wake is expected to produce some error in Trefftz-plane drag. The fact that the streamwise wake model

indicates such a high span efficiency is promising enough to warrant a more realistic analysis with a

force-free wake model.

The split-tip geometry poses several challenges to the wake relaxation method. A portion of the

wake from the forward tip passes very close above the upper surface of the aft tip. The abutment of

this wake with the upper surface of the wing must be free to seek its equilibrium location. From that

point, the wake must merge with the wake trailing from the wing and aft tip. The close interaction

of the forward wake with the wing surface requires that the velocities induced by the wing surface

be very accurate; otherwise the wake m_ inadvertently penetrate the surface. The strong velocity

singularities of discrete-vortex and low-order panel methods would make successful wake relaxation

unlikely. The hybrid wake-relaxation scheme described in section 6 is well-suited for these problems.

The high-order panel method used with the hybrid scheme provides smooth, continuous velocities near

the wing surface. The viscous core model allows the two wake sheets to merge without nonphysical

orbiting of the vortex filaments.

The hybrid wake-relaxation scheme was used to create a force-free wake model for the split-tip wing

at an angle of attack of 9 deg. Sixteen iterations of the method were used to relax the wake to a point
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Figure 48. Detail of split-tip junction region.

Straight Wake

2h/b = 0.073

Force-Free Wake

Figure 49. Wake shapes modeled for the split-tip wing.
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2 chordlengths downstream of the trailing edge. From that point, the wake was extended straight in the

freestream direction for 30 semispans. The trace of this wake in the Trefftz plane is shown in figure 49.

A few details of the structure of the wake are shown in figure 50. Following the same methods used

in section 4, this wake geometry was used to produce a panel model of the split-tip wing and wake for

analysis with the A502 high-order panel code. Trefftz-plane drag integration on this wake produced a

span efficiency of e = 1.1133. To confirm that the wake shape from the hybrid scheme was thoroughly

converged, the same analysis was repeated on the wake from the 15th iteration. This wake produced

a span efficiency of e -- 1.1149, a difference of less than 0.2 percent. Table 10 gives a summary of the

computed span efficiency for the split-tip wing with various analysis methods and wake models.

Figure 50. Force-free wake computed by hybrid wake scheme for split-tip wing.
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Table10.Predictedspanefficiencyof the split-tip wing

Analysismethod Wakemodel e
Discretevortex Streamwise 1.066
High-orderpanel Streamwise 1.048
High-order panel Force-free 1.113

These results indicate that it is possible to produce a span efficiency greater than 1.0 with a pla-

nar wing, by promoting a highly nonplanar wake shape. But more importantly, these results exhibit

significant nonlinear wake interaction, evident from the 6 percent increase in span efficiency predicted

with the force-free wake compared with the streamwise wake. The force-free wake from the forward tip

interacting with the aft tip surface apparently changes the circulation distribution and/or wake veloci-

ties in a manor not captured by the traditional streamwise wake model. Experimental confirmation of

these results is discussed in section 8.
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8 EXPERIMENTAL STUDIES OF THE ELLIPTICAL AND

SPLIT-TIP WING PLANFORMS

The predicted performance of the split-tip wing presented in section 7 represents a 12 percent reduction

in induced drag compared with an elliptically-loaded planar wing. The computational tools used

to make these predictions have been validated by good agreement with expected results for other

geometries, under circumstances where other methods have given poor results. Every attempt has

been made to obtain model-independent solutions to the inviscid governing equations and boundary

conditions. Nevertheless, these results are surprising and should be regarded skeptically until confirmed

by experiment.

Of course, induced drag cannot be measured directly by experiment. However, the experiment can

be designed to obtain an approximate increment in induced drag between two wing configurations by

comparing the drag of wings with the same span and wetted area. An estimate of the actual induced

drag can be obtained by subtracting an estimate of the viscous drag from the measured total drag.

The viscous drag estimate may be based on airfoil section data. In addition, wake survey techniques

may be used that allow decomposition of experimental drag measurements into induced and viscous

components (ref. 24).

An experimental investigation of the induced drag of the split-tip wing and a classical elliptical

wing (Xt -- 0.25) was conducted as part of this study. Obtaining experimental drag measurements to

within 1-2 percent accuracy is difficult, especially with the facilities available for this study. Unusually

careful experimental techniques were required to obtain force measurements of acceptible accuracy.

This section describes the test procedures, data analysis, and results of the experiment.

8.1 Model Description

Two wind tunnel models were constructed to test the elliptical and split-tip planforms. Both wings

have a 6.0 ff span and 5.4 ft 2 of planform area. The model dimensions are shown in figure 51. Both

wings were lofted with NACA 0012 airfoil sections, without twist. Untwisted, uncambered wing designs

were chosen to aid in data interpretation. For these wings, the lift is zero at zero angle of attack, so

that any error in flow angularity in the tunnel may be measured. In addition, since there is no twist,

there is no induced drag at zero lift, simpli_'ing the drag decomposition. In order to create enough

volume in the wing to house the internal force balance, the center section of each wing was thickened

slightly using an NACA 0015 airfoil. The thickened area was smoothly blended to the 12 percent thick

section over 3 in. of span.

The elliptical wing was machined from a single piece of aluminum. The forward and aft tip surfaces

and the main wing surface of the split-tip wing were individually machined from aluminum, and joined

with short steel internal spars. The wing surface contours were maintained to within 0.003 in., and

sanded smooth with 400-grit carborundum paper, producing an (approximately) 8-microinch finish.
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Figure 51. Elliptical and split-tip model dimensions.
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The leading edge regions were further sanded with 600-grit carborundum paper, producing an (ap-

proximately) 4-microinch finish. The transition fairings were shaped from high-density PVC foam and

finished with enamel. Flush-fitting cover plates were used to fair over the balance cavity and incli-

nometer cavity in the wings, and all instrumentation wiring was routed internally. The models were

designed to withstand a dynamic pressure of 100 psf at a lift coefficient of 1.5, with a safety factor of

5.0.

8.2 Test Facility

Both models were tested in the Ames 7- by 10-Foot Low Speed Wind Tunnel. This facility is an atmo-

spheric, return circuit wind tunnel with a single stage 1400-horsepower fan and a fresh-air exchanger.

The flow quality in the test section has been documented by Wadcock (ref. 50). The flow quality

assessment identified rather poor quality flow, containing a very low frequency (T -_ 23 sec) periodic

swirl and axial velocity variation, and a stream angle of about 0.3 °. The poor flow quality required

special care to insure sufficient data quality for this experiment. This issue is discussed in sections 8.8

and 8.10.

The wings were mounted on a cylindrical post with a thin blade-type strut and a pitch link.

Figure 52 shows details of the model support strut. The blade cross-section was an NACA 0012

airfoil. The model support located the wings approximately 6 in. above the tunnel centerline, oriented

_WING

BLADE

PITCH PIV£

Figure 52. Model support system.
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horizontallyso that the 6 ft wingspanwascenteredin the 10 ft test sectionwidth. The end of the

modelsupportbladewascontouredto fit the undersurfaceof the wingswith a constant0.075in. gap

to prevent"fouling" contactbetweenthemodelsupportand the model.
TheAmesT- by 10-FootWind Tunnelisequippedwith a3-axistraversingsurveyapparatus,which

wasusedto makehigh-resolutionsurveysof the flowfielddownstreamof thewings.Theoperationand

functionof the surveyapparatusis describedby Shoemaker(ref. 24).

8.3 Instrumentation

The modelswereinstrumentedwith a 6-componentinternalstrain-gageforcebalance.The contours

of the wingsweredesignedsothat the entirebalancewasenclosedinsidethewing, with no fuselage
or other fairing, exceptthe slight thickeningof the airfoil to 15 percentfrom 12percentthickness.
A Task 1.0 in. ink. III balancewasused. The measurementcapacitiesof the mk. III balanceare

givenin table 11. The capacityof the balancewassuitablefor testingthewing modelsat a dynamic
pressureof 100psf,with theexceptionoftheratherlowrollingmomentcapacity.Thepoorflowquality

documentedby Wadcock(ref. 50)wasexpectedto producesubstantialunsteadyroll momentson the

model, which would limit the allowabledynamicpressure. Unfortunately,the low rolling moment

capacity is a necessaryconsequenceof selectinga balancesmall enoughto fit entirely within the

contoursof the wing.

Table11.Taskmk. III balancecapacity

Forwardnormalforce(N1)
Aft normalforce(N2)
Axial force(A)
Forwardsideforce(S1)
Aft sideforce($2)
Roll moment(RM)

400lb
400lb
150lb
200lb
200lb

21 ft-lb

The cylindricalouter sleeveof the balance,calledthe "metric" side,is fitted to a steelbalance
housingthat fits into a cavity in the undersideof the wing. The samebalancehousingwasusedfor

both wings.The balancewaspinnedto the housingwith a singlebalancepin locatedin the forward,
bottom pin holeof the balance.The "non-metric"innerrod of the balancewasfitted to a tapered

socketon thetop of thesteelmodelsupportbladeThebalanceinstrumentationwiringwasled through
the backof the socketdownto a channelin the modelsupportblade,sotherewasnobridgingof the

balancewiring acrossthe breakfromthe metricportionto the non-metricportion. Figure53showsa

crosssectionof thebalanceinstallationin the wing.
Themodelswerealsofitted with aninternalinclinometerto measurethemodelangleof attack. The

benefitof aninternallymountedinclinometeris that theangleof attackmeasurementisnot affectedby
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Figure 53. Balance installation detail.

deflection of the model support or force balance under aerodynamic load. One potential disadvantage

of an internally-mounted inclinometer is that it is subjected to inertial excitation by the small motion

of the model during testing. In certain cases, especially involving propulsion simulation, high-frequency

excitation (e.g., from jet turbulence) can degrade the accuracy of the inclinometer. Past experience

with internal inclinometers during low speed aerodynamic tests has demonstrated that this is not a

problem for this type of testing. In these cases, good agreement with an external angle measurement

was observed (ref. 51).

A Schaevitz +15 ° inclinometer was mounted in a cavity located 9 in. left of the wing centerline.

The inclinometer wiring was led through a channel to the bMance cavity and routed down the model

support along with the balance wiring. The inclinometer wiring did bridge the metric break, so care

was taken to locate the wiring to produce a negligible force tare. The external wiring sheath and

shielding was removed to minimize the bending stiffness of the four individual 32 gage wires.

A seven-hole cone probe was used to survey the flowfield downstream of the wings. A 4-1.0 psid

Pressure Scanning, Inc., 48-port pressure-transducer module was used to measure the cone-probe pres-

sures.

Other instrumentation included flow measurements of the tunnel total pressure and temperature

measured in the settling chamber upstream of the test section, and tunnel static pressure measured

with orifices located at the upstream edge of the test section.

8.4 Calibrations

The Task 1.0 in. mk. III balance was calibrated by the NASA Ames Research Center's Balance Calibra-

tion Laboratory, using the hand-loading method. A complete 6-component calibration was performed,

including positive and negative loadings of each gage, combined loadings and a full interaction cali-

bration. The calibration repeatability was approximately 0.02 percent of full scale for each primary

gage and for the gage interactions. Interactions refer to the unintended gage output on other gages
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resultingfrom loadingof a primary gage.For example,if the forwardnormalforcegageis loaded,a

small output will result in the aft normal forcegage,the axial gage,and the side-forcegages.The

Task balanceis designedto minimizetheseinteractions,but in manycases,interactionsas largeas
3 percentof the appliedload are found. Theseinteractionsmust be carefullycalibratedto achieve

highaccuracyforcemeasurementswith the balance.A matrix of calibrationconstantsis suppliedto

the datareductionprogramfromthe CalibrationLab. During installationin the 7- by 10-FootWind
Tunnel,checkloadingsof the normalforceand axial forcegageswereperformed.This checkloading

providesanend-to-endcheckof thebalanceinstallation,andsignalconditioningto thedataacquisition

systemto insurethat the installationreproducesthebalancecalibration. Thebalancecheckloadings

agreedwith the calibrationwithin 0.5percent,whichisconsideredsatisfactorygiventhe lessaccurate

levelingability of themodelsupportsystemcomparedwith theCalibration Lab.

The Shaevitz inclinometer was calibrated "in-situ" for each wing, using a Hilger _z Watts microptic

clinometer, resting on a leveling plate fit to the wing. The leveling plate legs fit through holes in the wing

upper surface and bear directly on the balance housing. In this way, the inclinometer was calibrated

to measure the angle of the balance housing directly. The accuracy of the microptic clinometer is

traceable to 15 _, or 0.004 °. A third-order polynomial fit of the calibration data is supplied to the data

reduction program. Angle checks were performed to ensure that the data reduction program correctly

computes the angle of attack from the calibration. The results of the angle checks demonstrated that

the angle of attack measurements are accurate to within 0.007 ° .

The set-up, calibration, and use of the PSI module to measure the cone- probe pressures is described

by Shoemaker (reL 24).

Tunnel total and static pressure measurements were used to compute the test section dynamic pres-

sure. A standard empty-tunnel calibration of this instrumentation for dynamic pressure measurement

was included in the data reduction program. The empty tunnel calibration was performed as part of

the flow quality assessment of the Ames 7- by 10-Foot Wind Tunnel by Wadcock (ref. 50).

8.5 Instrumentation Error in Drag Measurement

The error in measurement of normal force, axial force, and angle of attack each contributes to the error

in the resolved lift an drag forces. The resolution of balance forces into lift and drag is given by:

L = N cos a - A sin ct (49)

D = N sin a + A cos a (50)

where a is the angle of attack, measured between the balance axis and the freestream, and N and A

are the normal and axial force components.
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Thedifferentialsof the lift anddragare:

_L = SN cos a - N sin _Sa + _A sin a + A cos a6a

_D = 6N sin a + N cos a_a + SA cos a - A sin a6a

Eliminating higher order terms for small angles,

(51)

(52)

_L = 8N + _Aa + ASa (53)

5D = 6Na + N_a + _A (54)

The measurement accuracy of Task balances calibrated and installed following the standard pro-

cedures at NASA Ames is claimed to be 4-0.5 percent of reading or +0.2 percent of full scale (F.S.),

whichever is less. This accuracy level is consistent with the results of the balance check-loadings per-

formed before and after this experiment. The demonstrated accuracy of the Shaevitz inclinometer used

in this experiment is 0.007 ° (0.00012 rad). These measurement uncertainties produce an uncertainty in

lift and drag measurement that varies with the actual force levels and angle of attack. The uncertainty

in lift and drag measurement is evaluated here for a representative example with an angle of attack

of 5° (0.087 rad) and a dynamic pressure of 45 psf. The normal force is approximately 100 lb, and

the axial force is approximately -5 lb, so the uncertainty in these measurements is _N = 0.5 lb and

_A = 0.025 lb. Substituting these values into equations (53) and (54) gives:

= 0.5 + (0.025)(0.087) - (5.0)(0.00012) -- 0.51b (55)

/_D = (0.5)(0.087) + (100)(0.00012) + 0.025 = 0.043 ÷ 0.012 + 0.025 = 0.0801b (56)

The lift and drag for this example are I00.I ib and 3.73 ib, so the uncertainties in lift and drag

due to balance measurement uncertainties are expected to be to 0.5 percent and 2.1 percent. Note

that the uncertainty in lift results almost entirely from the uncertainty in normal force measurement,

whereas the uncertainty in drag results from the uncertainty in normal force, axial force, and angle of

attack, in roughly equal proportions. The presence of the middle term, N_a, in the drag uncertainty

highlights the importance of precise angle measurement, because the normal force is typically very

large. This term contributed little to the drag uncertainty in this example because a high level of

angle measurement accuracy was achieved. However, the limitation of dynamic pressure to 45 psf (see

section 8.7) led to a reduction in the achievable accuracy. Since only about half the normal force

capacity was used, the accuracy of the balance measurements was less than would be achieved with a

more appropriately sized balance. It is also important to note that these uncertainties are primarily

due to bias error in the calibration and test setup. The repeatability of measurements is generally

much better than these uncertainties would indicate, provided careful sampling techniques are used.

These techniques will be discussed in sections 8.6 and 8.8.
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8.6 Data Acquisition and Reduction

This experimentemployedthe NASA AmesStandardizedWind Tunnel System(SWTS) for data

acquisitionand reduction. At the Ames7- by 10-Foot Wind Tunnel, this system consists of Pacific

amplifier/filters, a Teledyne analog-digital converter, and a Digital Equipment PDP 11/40 computer.

The amplifier/filters provide excitation voltage, and filter and amplify the analog outputs from the

balance and other transducers. The amplifier/filters were set to filter the balance signals with a 1 Hz

low-pass filter to eliminate as much dynamic character as possible from the balance measurements.

The analog-digital converter spans the + full scale measurement capacity of each instrument into

9830 digital counts. For example, the resolution of the axial-force measurement of one digital count

of axial force is 2(150)/9830 = 0.0305 lb. The PDP 11/40 data-acquisition computer runs the SWTS

data reduction program, which averages measurements over a prescribed sampling time, evaluates

calibrations, performs engineering unit conversions, and resolves the measured balance forces into

body and wind axis systems.

As part of conversion of the raw" balance readings to engineering units, the SWTS program makes

"delta-zero, .... bias" and "tare" corrections. The purpose for these corrections may be explained by

describing the installation procedure. After balance check loads are complete, the bare balance is

leveled and the balance gage outputs are recorded as a bare-balance "zero" point. The model is then

installed on the balance, the balance is re-leveled, and gage outputs are recorded as a "bias" point.

The purpose of the bias point is to record the offset from true balance zero caused by the model in the

ievel condition. The positive and negative loading calibrations of the balance gages often have different

slopes, requiring special care in converting balance readings to engineering units. The portion of the

applied load that offsets the model weight is evaluated from the negative normal-force calibration, while

the remaining load is evaluated from the positive normal-force calibration. This process is illustrated

in figure 54. The use of the bias point should not be confused with a "tare," which is used to subtract

the model weight from the measured balance forces to obtain the applied aerodynamic load. Once the

bias point is recorded, the gage outputs are nulled, which references the model-installed zero point to

zero digitaI counts. Each day before testing begins, the modeI is leveIed and a new zero point is taken.

The "delta-zero" between this zero point and the original one is used to compensate for any drift in

balance output or signal conditioning.

After the inclinometer is calibrated for angle of attack, two balance tare points are recorded, one

point at the highest expected angle of attack, and one point at about half that angle. These tare

points are recorded with the model installed, but under wind-off conditions. The model weight is

determined from the axial force gage reading at the highest angle of attack, since this is the highest

resolution measurement gage. The x- and z- locations of the center of gravity are determined from

the forward and aft normal-force gage readings by solving a moment equilibrium equation about the

balance reference point at the two angles. The model weight vector computed from this process can be
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Figure 54. Bi-linear balance calibration.

resolved into components applied to the forward and aft normal-force gages and the axial force gage

for any angle of attack, and subtracted from balance readings. The remaining balance forces are the

applied aerodynamic loads.

8.7 Test Conditions

The first phase of the test was intended to determine the maximum tunnel speed at which testing could

be conducted without exceeding the balance rolling moment capacity. An oscillograph was connected

to the unfiltered balance outputs to monitor the dynamic loads experienced by the balance. The split-

tip wing model was installed for this portion of the test. The velocity was slowly increased while the

balance outputs were monitored. At a velocity of 200 ft/sec (dynamic pressure of 45 psf), the unsteady

rolling moments produced by the poor flow quality periodically equaled the balance capacity. Figure 55

shows a sample of the dynamic output of the rolling moment gage recorded by the oscillograph. Based

on this result, a dynamic pressure of 45 psf was selected for the entire test program. This value of

dynamic pressure produced a Reynolds number of 1.12 × 106 based on the mean aerodynamic chord,

and 2.0 × 105 based on the tip chord of the split-tip wing.

Data were taken for both wings over a range of angle of attack from -4 ° to 9.5 °. The angle of

attack was consistently set by approaching from lower angles.
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Figure 55. Time history of balance rolling moment output.

Data were taken for both wings with free boundary-layer transition, and with the boundary layer

transition fixed at 15 percent chord. The purpose of fixing the boundary layer transition point was to

eliminate the possibility of unusual hysteresis in the data resulting from formation of laminar separation

bubbles, and to eliminate sensitivity of the drag data to changes in cleanliness or smoothness of the

model. The boundary layer trip consisted of a 0.090-in. wide strip of varnish with glass spheres

imbedded in the varnish. The glass-sphere diameter used was 0.016 in., determined from the criteria

of Braslow (ref. 52).

8.8 Sampling Duration for Data Acquisition

The SWTS data acquisition program allows the researcher to alter the sampling time used to record

a data channel during a data point. The analog-digital converter samples each data channel at a

frequency of 150 Hz. The sampling duration determines how man), individual samples are acquired

from each data channel and averaged to record "steady" data values. For typical development wind

tunnel tests in modern wind tunnels, a sampling time of 3 sec or less is common. Unfortunatel:y; the

poor flow quality of the Ames 7- by 10-Foot Wind Tunnel made short-duration data sampling very

inaccurate. The rolling moment history shown in figure 55 is a useful example of how any particular

one-second sample could produce an averaged reading significantly different from the true mean value.

A test of data repeatability was performed by taking 5 consecutive data points at a fixed angle of attack.

With a sampling time of I sec, the scatter in the measured drag was 3 percent. Increasing the sampling

time to 20 sec made almost no improvement; the scatter was still approximately 3 percent. Figure 56

illustrates how the residual error in averaging an unsteady signal is affected by the sampling duration.

For a particular signal wavelength, the excess signal beyond an exact multiple of the wavelength

contributes an error in the predicted mean value.
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The longer the sample duration, the smaller the residual interval is in relation to the total sampling

interval and the smaller the error in the estimated mean value, as shown in equation (57). One criterion

often cited is to sample at least 5 cycles of the lowest frequency disturbance that must be averaged

out.

Figure 55 suggests that there is a significant disturbance in the flow with a period of about 23 sec.

Low frequency variations in the dynamic pressure would not be evident in figure 55, but would also

influence the drag measurement. Wadcock reported a ±0.5 percent fluctuation in dynamic pressure

with a period corresponding to the "time of flight" around the wind tunnel circuit (ref. 50). For a

test-section dynamic pressure of 45 psf, this corresponds to about 20-25 sec. Accurate averaging of the

balance signals with these disturbance would require at least 120 see sample duration!

A test of repeatability was performed again, with a sampling time of 180 see. The resulting drag

repeatability improved to 0.5 percent. While this sampling duration would be considered impractical

for most wind tunnel research, the demand for accuracy, and the small number of required test points,

enabled the remainder of the test data to be acquired with this sampling duration.
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8.9 Estimated Error in Induced Drag from Periodic Rolling Moment

The low frequencyswirl characteristicinducedconsiderableperiodicrolling momenton the wings,

as shownin figure55. The peakmomentequaledthe rolling momentcapacityof the balanceat a
dynamicpressureof 45psf. In thepresenceof the swirlingflow,the wingproducestherolling moment
by developinganasymmetricalspanwiselift distribution. This transientspanloadinghassomeinfluence

on theinduceddragmeasuredby thebalancethat wouldnot bepresentin a steadyflow.

To understandthe natureof the induced-dragtransient the dynamicrolling-momenthistorywas

analyzedto determineits spectralcharacteristics.The analogtraceshownin figure55wasfirst dig-
itized, and then fit with a Fourierseries.The Fourieranalysisindicatesthat the highestamplitude

disturbanceshavefrequenciesof 0.22Hz and3.0Hz,with othersignificantdisturbancesnear0.13Hz
and at severalfrequenciesbetween2.5Hz and3.2Hz, asshownin the plot of amplitudeversusfre-

quency,figure57. The23 sec period (0.044 Hz) disturbance evident in the analog trace is apparently a

"beating" phenomenon from several higher frequency disturbances, since the amplitude of the funda-

mental frequency in the Fourier analysis is less than 1 if-lb. The RMS rolling moment from the Fourier

series analysis is 7.2 if-lb.

°

.El
!

4.
v

0)

--s

_-3.
E
<

¢-
_D
E 2.
O

O
o-

.

0.0 0.5 1.0 1.5 2.0 2.5 3.0 3.5

Frequency (Hz)

Figure 57. Amplitude spectrum of Fourier-series fit of rolling moment history.

In order to accurately estimate the influence of the unsteady lift distribution on induced drag, a

time-accurate unsteady vortex-lattice simulation would be required. For the low-frequency unsteady

loading present in this experiment, a quasi-steady analysis was considered acceptable for an estimate

of the unsteady drag component. Among the effects neglected by the quasi-steady assumption are the
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influencesof the varyingstrengthtrailing vorticity andspanwisevorticity shedasthe loadingchanges,

andtheapparentmass.Thedownwashinducedbythe unsteadywakecontributesto the induceddrag

differentlyfrom the constantstrengthwakepresentin the quasi-steadyanalysis. The reduction in
downwashalsoinfluencesthe magnitudeof the unsteadycomponentof the lift. Reissnerstudiedthe

influenceof unsteadyplungingandflappingmotionon the lift responseof finite wings(ref. 53). The
unsteadysectionallift ona wingisgivenby

h

where ko is the reduced frequency, ac/2U_, and h and U are the amplitudes of the plunging and

flapping motion. For small values of ko, this reduces to

The equivalent quasi-steady lift is

h
= 2_PAR(ko)[_ + 2iko_] (59)

C

(60)

-PAR(ko) corrects the two-dimensional lift curve slope for the induced effects of the finite wing and

for the unsteady flow effects. The function PAR(ko) is plotted in figure 58 for an AR = 6 elliptical

wing.

For this experiment, the highest frequency with significant rolling moment amplitude is about

3 Hz, corresponding to a reduced frequency of ko = 0.042. The amplitude of PAR(ko) from figure 58

for ko = 0.042 is 0.72. The quasi-steady lift curve slope for AR = 6 is 0.75 x 2_r. Therefore, for this

low frequency, the unsteady lift curve slope is 96 percent of the quasi-steady value. Since the reduced

frequency is so low that the lift response is close to the quasi-steady value, it may be inferred that

there is little influence from reduced downwash, so that using quasi-steady aerodynamics to compute

this small induced-drag transient is adequate.

To estimate the time-averaged induced drag increment associated with this motion, an elliptical

wing was modeled with the discrete-vortex method, LinAir, which allows modeling of steady rolling

motion (ref. 34). A nondimensional roll rate, t5 = pb/2Uoo = 0.011 input to LinAir was found to

produce a roiling moment coefficient, Cg = -0.0048 or -7.0 ft-lb of rolling moment, corresponding to

the RMS moment measured by the force balance. The asymmetrical load distribution resulting from

this roll motion is shown in figure 59. The resulting RMS induced drag coefficient was CD = -0.00007.

To appreciate the magnitude of this unsteady rolling moment error, it may be compared to typicalThe ro20 0 TD (force) Tjpg04rTD (drag) eadyerro9.Tnt induced
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Figure 58. Unsteady lift response to plunging motion, from Reissner (ref.53).
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It shouldnot besurprisingthat the induceddragresultingfrom the roll motionis negative;the

effectiveupwashon the positivelyloadedwing "tips" thewingresultantforcevectorforward,andthe
resultantdownwashon the negativelyloadedwingalsotips the resultantforward. This is, in effect,

thrust dueto flapping.

8.10 Stream Angle Correction

As shownin section8.5,the resolutionof the balance-measurednormaland axial forceinto drag is

extremelysensitiveto errors in angleof attack. All anglemeasurementsare madewith respectto
gravity,usingbubblelevelsor penduluminclinometers,with the assumptionthat theflow in the test

sectionis nominallyhorizontal.The exactangleof the flowwith respectto true horizontal,calledthe

streamangle,mustbedeterminedto accuratelyresolvethebalanceforcesinto the windaxisforceslift
anddrag.Themostcommonmethodof determiningthestreamangleis to mountthe modelinverted

in thetest sectionandtakedataat severalanglesof attack.Thestreamangleis foundby forcingthe
lift curvesfrom theright-sideup andinverteddatarunsto match.Unfortunately,themodelsupport

systemusedfor this experimentdid not permit the modelto bemountedinverted. However,both

modelswerecompletelysymmetricalto within machiningaccuracy.This allowedthe streamangle

to bedeterminedby finding the angleof attack for zero lift. Many data points were taken at angles

between -2 ° and 4° for both wings. These data were fit with a line by the method of least-squares,

and the stream angle was found by evaluating the line at zero lift. The stream angle for the elliptical

wing was found to be 0.43 ° and the stream angle for the split-tip wing was found to be 0.285 ° . The fact

that the stream angles for the two wings are different was rather alarming at first, since there should

be only one value of the stream angle at a given location in the wind tunnel test section. The angle of

attack measurements are known to be considerably more accurate than the 0.145 ° difference between

the two measured stream angles.

The source of the angle difference is in the orientation of the two models with respect to the balance.

The same balance housing was used for both models, and the inclinometer was calibrated with respect

to this balance housing. However, the balance housing was fit into a cavity in the underside of each

wing. Small manufacturing errors in the orientation of this cavity with respect to the chord plane of

each wing produced a slightly different angle of attack for each wing. When this was observed, the two

wings were carefully measured on a 3-axis validator at the NASA Ames machine shop. The following

process was carried out for each wing. The left- and right-side chord planes were computed from upper

and lower surface measurements at three locations on each wing panel. The angular orientation of the

balance cavity with respect to each plane was computed, and the two angles were averaged. For the

split-tip wing, the average chord plane of the wing was inclined -0.055 ° with respect to the balance

cavity. For the elliptical wing, the inclination was 0.020 °. This accounts for a difference of 0.075 ° in

apparent stream angle between the two wings, with the split-tip wing having a smaller stream angle.
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This differenceis abouthalf the differencein streamangleobserved in the experiment. It is likely that

there are also small misalignments of the wingtip panels installed on the split-tip wing, although no

measurements have been made to substantiate this. The angles involved here are quite small, even

by precision machining standards. Any asymmetry in the models resulting from slight manufacturing

errors would shift the angle for zero lift slightly, accounting for the remaining difference in stream angle.

For this experiment, the only means for establishing the true stream angle is the technique described

above; to align the wings with the flow until there is zero lift, and measure the angle of the balance

with respect to gravity. The measured misalignment of the balance cavity with respect to the wings,

and other manufacturing asymmetries explain why the measured stream angle is slightly different for

the two wings. The stream angles used to correct the data acquired during this experiment were 0.430 °

for the elliptical wing and 0.285 ° for the split-tip wing.

8.11 Buoyancy

A well-designed wind tunnel produces a uniform flow in the test section. The walls of the test section

must be adjusted to compensate for the growth of boundary layer on the walls. If the walls are

not adjusted perfectly, an axial variation of velocity and static pressure will exist in the test section.

Wadcock (ref. 50) measured the gradient in static pressure coefficient in the Ames 7- by 10-Foot Wind

Tunnel, shown in figure 60. The axial gradient of pressure coefficient is -0.001 ft at the model location.

At a dynamic pressure of 45 psf, this corresponds to an axial pressure gradient of -0.0451b/ft 3.
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Figure 60. Axial variation of static pressure in Ames 7- by 10-Foot Wind Tunnel (ref. 50).
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The axial pressuregradientproducesa buoyancyforceon the model,proportionalto the volume

of the model. The volume of the wind tunnel models may be determined from their weight and the

known density of aluminum, 173 lb/ff 3. The weight of the elliptical wing is 82 lb, giving a volume of

82/173 = 0.47 if3. The buoyancy force on this model is 0.47 x 0.045 = 0.021 lb, which is less than the

resolution of the axial force gage of the balance through the analog-digital converter. The buoyancy

force is therefore negligible for this experiment.

8.12 Flow Visualization

The split-tip wing has an unusual junction region where the tip surfaces intersect with the main wing

surface. An attempt was made to design a junction region that would smoothly blend the surfaces

together. However, the width of the zone available to achieve this blending was rather short and there

was concern that there would be some degree of flow separation in this region. The oil flow visualization

technique was used to study the flow character in this junction region, on the upper surface. Titanium

dioxide pigment was added to SAE 30-weight motor oil, and applied to this portion of the upper surface

of the wing. The split-tip wing was tested at 8° angle of attack at a dynamic pressure of 45 psf. A

photo of the oil-flow pattern in the junction region of the split-tip wing is shown in figure 61.

A small region of flow separation was observed on the blended junction surface, ahead of the

leading edge of the aft tip surface. Several other shapes of junction blending were tried, and the

shape that seemed to produce the smallest separation region was chosen. Separation zones similar to

this are commonly observed at wing-body junctions, where the adverse gradient along the streamlines

approaching the leading-edge stagnation point causes the boundary laver on the surface of the body

to separate. The separated flow rolls into a vortex which then trails along the upper and lower surface

"corners" of the wing-body junction. This flow pattern is often referred to as a "necklace vortex."

8.13 Experimental Results Before Wall Corrections

The results of the testing of the two wings is presented in figures 62 and 63. The lift and drag data

presented here were computed with the stream angle corrections applied, but no other corrections to

the data were made. The reference quantities used to compute the nondimensional force coefficients

are the planform area = 5.4 ft 2, and the corrected test-section dynamic pressure. Figure 62 presents

plots of CL vs ¢z and CD vs CL for the elliptical wing. Figure 63 presents the same plots for the split-tip

wing. Each plot shows results with free transition, and with transition fixed at 15 percent chord. The

free-transition results for the split-tip wing were acquired with 20-sec sampling time, and the poor

repeatability of this data is evident.

Also evident is the large increase in profile drag associated with the boundary layer trip. In

particular, the drag increase associated with fixing transition on the elliptical wing appears much

greater than the drag increase for the split-tip wing. Although it is not clear why this is, it may be
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Figure61. Oil flowvisualizationof split-tip junction.
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that the split-tip wingwith freetransitionalreadyhad areaswhereno laminar flowoccurredbecause
of disturbancesat the junction regionwherethe tip surfacesattached.The elliptical wingmay have

sufferedmorefrom the fixed transitionbecauseit supportedmorelaminarflow initially.

8.14 Wall Corrections

The presenceof the wind tunnel wallsmodifiesthe flow overa modelcomparedwith the flow that

wouldexist if the modelcouldbe testedin freeair. The influenceof the wallsmaybevisualizedby
representingthe lifting wing modelandits trailingwakeasa horseshoevortex,andthepresenceof the

tunnelwallsby an imagevortexsystem.Theimagevorticeson the left andright sidesinduceupwash

onthewing,while the imagevorticesaboveandbelowthewinginducesidewashvelocitiesthat cancel.

The inducedupwashfrom the imagevortexsystemincreasesthe lift and reducesthe dragat a fixed

geometricangleof attack.
Wall-effectscorrectionshavetraditionally beencomputeddirectly from the imagevortex model

describedabove.Assumingthe strengthof the lifting vortex is fixed,an incrementin induceddragis
computedfrom the Kutta-Joukowskilaw; _D = p_SwF, where _w is the increment in downwash from

the image vortices. An adjustment to the angle of attack is computed as aa = _Sw/Uo_. In practice,

these corrections are typically computed with vortex distributions that are representative of the wing

spanload distribution.

With the development of panel methods to solve for the potential flow about arbitrary configura-

tions, it is now possible to compute more precise wall corrections by modeling the wing in the wind

tunnel. The A502 high-order panel code was used to compute wall corrections for this experiment.

Computation of the wall corrections involves solutions for the lift and drag at several angles of attack,

with and without the presence of the walls. The wind tunnel was modeled as a long tube with a 7 ft

by 10 ft cross section, extending 6 wingspans upstream and 12 wingspans downstream. The tube was

made long so that local inlet and exit flow conditions would not influence the test section flow. The

model support strut was also modeled to include any interference effect of the support system on the

model. Figure 64 shows the panel model of the elliptical wing in the wind tunnel.

The wind tunnel walls were modeled with doublet-only panels with a boundary condition of zero

normal mass flux. The model support was modeled by source and doublet panels with the same implicit

Morino boundary condition used to model the wings. With one exception for the split-tip wing, a

streamwise wake model was used for the wing wakes. A wake was also attached to the downstream

edge of the wind tunnel tube, although this had no influence on the computed results. As an expedience,

the trailing wake from the forward tip surface of the split-tip wing was abutted directly to the leading

edge of the aft tip surface, as shown in figure 65. This directs the vorticity shed from the forward tip to

combine with the vorticity from the aft tip, so all the vorticity is shed into a single trailing wake, and

results in a loss of the nonplanar character of the split-tip wake. The same wake model was used for
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Figure 64. Panel model of elliptical wing on model support in Ames 7- by 10-Foot Wind Tunnel.
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Figure 65. Wake model used for wall-effects computations on split-tip wing.
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both the free-airand in-tunnelsolutions.Computationson thesplit-tip wing in freeair indicatethat

the spanefficiencyis reducedto 0.99with this wakemodel,whilethe spanwiselift distribution is not

affectedsignificantly.As describedin section7, construction of a streamwise wake for the forward tip

surface involves carefully deforming the wake to avoid impingement on the aft surface. This process

would have to be repeated for each angle of attack. For the purposes of computing increments in lift

and drag due to the presence of the walls, this change in wake shape was not considered significant; The

upwash induced by the image vortex system would not be changed significantly by the small vertical

displacement of the forward tip vortex.

A502 solutions for both wings, with and without the presence of the walls and model support,

were obtained for -2°,0 °, 2 °, 4 °, 6 °, 8° angle of attack. The lift was determined by surface-pressure

integration, while the drag was determined by Trefftz-plane integration, using the technique described

in section 3. Additional solutions at 0° and 8 ° angle of attack was obtained with the tunnel walls,

but without the model support strut. These results indicated that the model support interference

produced a significant pitching moment influence, a small influence on the lift, and no influence on

the induced drag. The wall effects corrections computed here and applied to the experimental results

include the influence of the model support strut. A flow survey point was located in the computational

model of the wind tunnel at the axial location where test section static pressure is measured in the real

wind tunnel. The dynamic pressure at this point in the tunnel (in the computational model) matched

the free-air . The percent, so no correction to the force coefficients for "tunnel

calibration" was made.

For each angle of attack, the increments in lift and drag between the free-air and in-tunnel solutions

were determined. These results are shown in fig0 TD (dy29 0 TD (66) Tj 13 0 TD (for) Tj 16 0 TD (both) Tj 25 0 TD (the) Tj 17 0 TD (elliptical) Tj 43 0 TD (and) Tj 20 0 TD (split-tip) Tj 42 0 TD (wings.) Tj 34 0 TD (Second-) Tj 
0 0 TD
-451 -18 TD (order) Tj 30 0 TD (polynomials) Tj 6amic) Tjaerefit to the CL-increment data,D (dy29 0 TD (and) Tj 22 0 TD (fourth-order) Tj 62 0 TD (polynomials) Tj 62mic) Tjaerefit through

the CD-increment data. Wall-effects correctionsapplied to the wind tunnel results by evaluating

the polynomials at the the specific angle of attack for each data point. The resulting increments

added to the lift and drag coefficients to produce corrected coefficients to experimental

measurements in free air. The tunnel data taken at angles of attack up to about 9.5 °,

while the wall-effects computationslimited to 8 °. Generally, it is a poor to rely on a

polynomial-fit to extrapolate beyond the points used to create the fit, but in this case trend in

the wall is well-behaved, as evident in fig0 TD (dy32 0 TD (66,) Tj 19 0 TD (and) Tj 22 0 TD (this) Tj 22 0 TD (was) Tj 22 0 TD (considered) Tj 55 0 TD (an) Tj 17 0 TD (acceptable) Tj 
0 0 TD
-438 -19 TD (expedience.) Tj 
0 0 TD
17 -17 TD (The) Tj 24mic) Tjaingspanof models is only 60 percent of the test section so tunnel wall

were not expected to be large. However, examinationincrementsin fig0 TD (dy31 0 TD (66) Tj 16 0 TD (indicate) Tj 
0 0 TD
-449 -18 TD (that) Tj 24mic) Tjthecorrections are significant. For example,ellipticalat 8 angle of attack produced a

CL of 0.640 and a Co of 0.0320. The wall correction for CL is -0.04, or -6.25 percent, and the wall

correction for CD is 0.0020,6.25 percent. This results in a correction to L/D of
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Figure 66. Wall-effects corrections for the elliptical and split-tip wings.

8.15 Experimental Results After Wall Corrections

The experimental results with the wall-effects corrections applied are presented in figures 67 through

figure 70. The data are presented in the same format as the results presented in section 8.13. A

comparison of the L/D of the elliptical and split-tip wings with fixed transition is shown in figure 71.

These data indicate that the split-tip wing achieves an L/D almost 5 percent greater than the elliptical

wing. This result is consistent with the difference in induced drag predicted in section 7 by computa-

tional methods, assuming that about half the total drag is induced drag and that the viscous drag is

about the same for both wings. A more detailed decomposition of the experimentally measured drag

is performed in the remaining sections of this section.

8.16 Estimation of Viscous Drag

In order to determine the induced drag from these experimental results, the viscous drag must be

estimated. Assuming that the flow over the majority of the wing area is reasonably two-dimensional, it

would seem straightforward to integrate the viscous drag predicted from two-dimensional airfoil section

data. The spanwise distribution of lift coefficient can be predicted from the panel method, and the local

Reynolds number at each span station is easily computed from the local chord and the test conditions.

The wing planform may be divided into strips in the stream direction, and the viscous drag on each

strip can be estimated from the two-dimensional section data at the appropriate lift coefficient and

Reynolds number. The total viscous drag resulting from summing the contributions from all the strips

is then nondimensionalized by the reference area.
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A number of difficulties make this process less straightforward than it may seem. First, comprehen-

sive two-dimensional experimental data for the NACA 0012 airfoil at Reynolds numbers below 1.0 x 106

are rather scarce. The only suitable source found is reported by Sheldahl and Klimas (ref. 54), for

experiments performed to obtain data for wind turbines. Although the authors claim to have made

stream-angle corrections, the drag polars published in reference 54 indicate the characteristic asymme-

try of test results with substantial stream angle.

Second, the wind tunnels used for two-dimensional airfoil testing typically have excellent flow qual-

ity. Section data acquired with free boundary-layer transition often exhibit considerable extent of

laminar flow. The same transition locations are not attainable in the Ames 7- by 10-Foot Wind Tunnel

at the same test conditions, because of high turbulence intensity levels, as high as 1.0 percent (ref. 50).

Third, for the experimental data acquired with the boundary layer trip installed, there was sig-

nificant drag associated with the trip itself, independent of the loss of laminar boundary layer. This

"grit-drag" was especially large in this experiment because of the large grit-size required to cause tran-

sition at the wingtips, where the Reynolds number was very low. For the higher Reynolds number flow

on the center area of the wing, this grit size was large enough to protrude well above the boundary

layer.

The first of these problems was overcome by averaging the two-dimensional data from positive and

negative angles of attack, approximately correcting the data for stream angle. Adjusted drag polars
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for the NACA 0012 airfoil were extracted from reference 54 for lift coefficients from 0.0 to 1.0, over a

range of Reynolds numbers from 2.0 x 105 to 1.75 x 106.

To resolve the second problem, a computational airfoil analysis program was used to estimate the

effect of the tunnel turbulence on transition location. The program used, called PANDA (ref. 55),

solves for the pressure distribution about an airfoil by a modified thin airfoil theory with second-order

corrections. The boundary layer transition location is estimated by Michel's method. The boundary-

layer properties are predicted by the integral methods of Thwaites and Head for the laminar and

turbulent portions, respectively. The viscous drag is estimated from the Squire-Young formula. A

complete discussion of the theory used by PANDA is presented by Kroo (ref. 55).

The NACA 0012 airfoil was first analyzed with PANDA over a range of lift coefficients from 0.0 to

1.0, at a Reynolds number of 4.0 x 106 to approximate the effect of the high turbulence intensity in

promoting transition. The locations of transition on the upper and lower surface were noted for each

case. Next, the airfoil was re-analyzed, at the same lift coefficients, over the same Reynolds numbers as

the 2-D experimental data, but with transition fixed at the locations corresponding to the high Reynolds

number. For ease of discussion, these results are referred to as early-transition results. Finally, PANDA

was used to analyze the airfoil at the experimental Reynolds numbers allowing free transition. The

drag increment between the free transition case and early-transition case was determined for each

Reynolds number and lift coefficient, and this increment was added to the experimentally determined

section properties from Sheldahl and Klimas (ref. 54). Through this process, an estimate of the free-

transition viscous drag polars at several Reynolds numbers in the Ames 7- by 10-Foot Wind Tunnel

was developed. These polars are shown in figure 72.

These polars were then used in the strip integration procedure described above to estimate the

viscous drag polars of the elliptical and split-tip wings. The drag at zero lift estimated by this method

was then compared with the drag at zero lift measured in the wind tunnel. For the elliptical wing,

the increment in drag coefficient between the viscous drag estimate and the experiment was 0.00025.

For the split-tip wing, the increment was 0.00079. The viscous drag prediction is expected to be

somewhat low, due to additional sources of drag on the models such as surface roughness and viscous

interference drag from the model support. On the split-tip wing, the transition area where the tip

surfaces intersect the main wing surface is a region of highly three-dimensional flow, with a small

region of flow separation. It is reasonable to expect that additional drag would be produced in this

region that would not be predicted by the strip integration, so the under-prediction of drag would be

greater for the split tip. These small drag increments were added to the viscous drag polars for the

two wings, essentially shifting the viscous polars slightly to match the experimental measurements at

zero lift. The estimated viscous drag polars for the elliptical and split-tip wings are shown in figure 73.

The procedure described above was repeated to account for the influence of fixed transition on the

wings. PANDA was used to find the increments in drag between free transition and transition fixed

at 0.15 percent chord over the same range of Reynolds numbers. These increments were added to the
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Figure 73. Viscous polars with free transition for the elliptical and split-tip wings.
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airfoil polarsto estimatethefixed-transitionpolarsof theairfoil. Thefixed-transitionpolarswereused

in the strip-integrationprocessto estimatethe viscouspolarsof thetwo wings. Thedrag at zerolift
predictedby thesepolarswasalsocomparedwith the drag at zerolift measuredin the wind tunnel

for the two wings. The resultingdragincrementsweresignificantlylarger for thesefixed-transition
casesthan wasfound for the free transitioncases.This is at leastpartly due to the drag on the

boundary-layertrip itself. For the elliptical wing, the incrementin dragcoefficientwas0.0039,and

for the split-tip wing,the incrementwas0.0029.It is not clearwhetherit is reasonableto addthese

largeincrementsto theviscouspolars,simplyshiftingthe polarsto matchtheexperimentat zerolift,
sinceit is not knownhowthe dragfromthe boundary-layertrip or othersourceswouldvarywith lift

coefficient.However,without additionalevidenceasa guide,theviscouspolarswereshiftedto match

the measureddragat zerolift. Theestimatedviscousdragpolarsfor the ellipticalandsplit-tip wings
with fixed transitionareshownin figure74.
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Figure 74. Viscous polars with fixed transition for the elliptical and split-tip wings.

Given the sequence of assumptions and approximations made to arrive at these viscous polars, the:},

must be regarded as estimates. The estimate of viscous drag is clearly the least accurate element of

determining span efficiency from experimental force data. Since the viscous polar was shifted to match

the measured drag at zero lift, there is presumably no error at zero lift. At high lift coefficients, the

estimated viscous drag could have considerable errors, accumulated from the adjustment to account

for early or fixed transition, and from the applied shift in the polar to match the experiment. The

error could conceivably be as large as the applied shift, about 20 percent of the estimate at CL = 0.7.

However, it should also be noted that whatever absolute (or bias) error exists in these viscous polars,
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it is likely to besimilar for both wings. Estimatesof the incrementin viscousdragbetweenthe two
wingsare likely to bemuchbetter. The differencein appliedshifts of the polarsfor the two wingsis

onepossiblesourceof relativeerrorbetweenthetwopolars.Thisdifferencewasabout5percentof the
estimatedviscousdragat CL = 0.7. Therefore, the uncertainty in the relative viscous drag between the

two wings is estimated to be about 5 percent.

8.17 Span Efficiency

For each experimental data point, the induced drag was determined by subtracting the estimated

viscous drag from the experimental drag coefficient (with wall-effects corrections). The span efficiency

was then calculated from e = C_L/TrARCD,. The accumulation of uncertainties in the calculation of the

span efficiency is illustrated by evaluating the differential of the span efficiency for a typical case. For

e = CZ/TFAR(CDtotal - CDp ) the differential of the span efficiency is

& = 2CL Q(CD,o,o - G,) - C (SG,o,o, - (61)
 AR(G,o,o, - CD,)2

The absolute uncertainty in span efficiency is estimated by substituting estimates of the individual

uncertainties. Assuming the uncertainty in CL is 1 percent, the uncertainty in CD is 2 percent, and the

uncertainty in CDp is 10 percent, for typical values of CL = 0.7, CD = 0.038, CDp = 0.015, the differentials

are _CL = 0.007, _CD = 0.00076, _CDp -_- 0.0015. Substituting these values into equation (61) gives

6e = 0.121 or 12 percent of e = 1.0. Once again, this uncertainty is a measure of absolute accuracy--

the uncertainty in the relative span efficiency is much better. The repeatability in CL is 0.25 percent,

and the repeatability in Cv is 0.5 percent. Assuming the relative uncertainty in CDp is 5 percent,

then the relative uncertainty in the span efficiency from equation (61) becomes 5e = 0.06 or 6 percent

of e = 1.0. The estimated span efficiency is plotted in figure 75 versus angle of attack for both the

elliptical and split-tip wings. The experimental uncertainty in determining span efficiency is evident

in the large degree of scatter in the results in figure 75. The span efficiency of the eiliptical wing is

approximately 0.98 and the span efficiency of the split-tip wing is approximately 1.10. Despite the large

experimental uncertainty in these results, the estimates agree remarkably well with the span efficiencies

predicted computationally in sections 6 and 7.

8.18 A Wake Survey Method for Experimental Drag Decomposition

The method of Shoemaker (ref. 24) provides an alternative method of determining span efficiency

of finite wings during wind tunnel tests. The foundation of this method is a control-volume energy

balance similar to the momentum balance developed in section 3. A viscous flow is assumed, so that

the skin-friction drag appears as a deficit in total pressure in the far-field wake. At the same time, the

vorticity is computed from velocities in the wake region. A seven-hole cone probe is used to survey

the total pressure and three components of velocity in the wake region downstream of a wind tunnel
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model•High-resolutionsurveysof the wakedownstreamof both the ellipticalandsplit-tip wingswere

madein a planetwochordlengthsdownstreamof thewingsaspart of thesewind tunnelexperiments.
A detaileddescriptionof thesesurveysandthedatareductionprocedureto determinethe viscousdrag

and induceddrag componentsis containedin reference24. A summaryof the resultsof the surveys

performedat 9° angleof attack is providedin table 12. The valuesof spanefficiencypredictedfrom
the wakesurveysareplotted on figure75alongwith the resultsof the viscous-dragestimation. The

experimentaluncertaintyof the induceddragandprofiledragresultswereestimatedbyShoemakerto be

approximately2 percentand5 percentrespectively.Thecomputationaland experimentalpredictions

of spanefficiencyin this study agreewith the wakesurveypredictionswithin Shoemaker'sexpected
uncertainty.
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Figure 75. Experimental estimate of span efficiency for the elliptical and split-tip wings.

Table 12. Results of drag decomposition from experimental wake surveys (ref.24)

Wing a CL CD, e CDp CD,o_o,
Elliptical 9 ° 0.714 0.02004 0.972 0.01876 0.0388

Split-tip 9 ° 0.726 0.01827 1•096 0.01965 0.0379
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Figure76showsa comparisonbetweenthe force-freewakemodelfromsection7 and resultsfrom

theexperimentalwakesurveyof the split-tip wingat 9° angleof attack. The experimental results are

plotted in the form of contours of total pressure, indicating the loss of total pressure in the viscous

wake. The small region of separated flow associated with the necklace vortex at the junction fairing

(see section 8.12) is evident as a region of total pressure deficit. This separation appears to have some

affect on the location and shape of the junction between the trailing wakes from the two tip panels.

This effect was not modeled by the potential-flow wake relaxation. The model support also influenced

the wake shape somewhat near plane of symmetry. A survey of wake velocities for the panel solution

with the model support and tunnel walls modeled indicates that this small effect would be modeled if

the wake shape had been computed in the presence of the strut. Other than these two discrepancies,

the agreement between the computed and experimental wake shapes is quite good.

Figure 76. Computed and measured wake shape downstream of split-tip wing.
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9 SUMMARY AND CONCLUSIONS

9.1 Summary

During the course of studying nonlinear aspects of induced drag, the induced drag characteristics of a

variety of wing planforms have been determined computationally and experimentally. The computa-

tional results were obtained by Trefftz-plane integration of wake properties found by a high-order panel

method. The influence of the force-free trailing wake compared with the more traditional model of a

wake trailing straight in the freestream direction was studied for two elliptical wings. One wing has a

straight 25 percent chordline, while the other has a straight trailing edge, referred to here as a crescent

wing. The induced drag of the crescent wing was about 2 percent less than the elliptical wing, due to

a more nearly elliptical spanwise lift distribution. For the crescent wing, the wake model had almost

no effect, changing the predicted drag by less than 0.25 percent. When the effect of the force-free

wake was ignored for the elliptical wing, the computed drag was reduced by 1.5 percent. The greater

influence of the force-free wake on the elliptical wing is a nonlinear effect that occurs because the tip

shape allows the initial roll-up potion of the wake to interact more closely with the bound vorticity on

the wing. A planar split-tip wing was designed to exaggerate this nonlinear effect to produce significant

drag savings. The planar split-tip wing produces a highly nonplanar wake as the angle of attack is

increased. Even with the classical streamwise wake, the computed induced drag for the split-tip wing

was 6 percent less than an elliptically loaded planar wing with the same span and total lift. When an

accurate force-free wake was included, the computed drag was reduced by an additional 6 percent.

Experimental results were obtained for the split-tip wing and the elliptical wing from wind tunnel

tests, by subtracting an estimate of the viscous drag from the total measured drag, and from a survey

of wake properties downstream of the wing models. Although the experimental uncertainty of both

techniques was rather high (about 5 percent), both techniques indicated approximately 12 percent

lower induced drag for the split-tip, consistent with the computational results.

Many of the important numerical results presented in this paper are values of span efficiency

measured or computed for specific configurations and flow conditions. These results are easily lost

among the many pages of description of the methods used to obtain them. A summary is included

in figure 77 to provide a useful reference of the major computational and experimental results of this

work.

9.2 Conclusions

This work focused on two nonlinear aspects of induced drag of finite wings. The influence of correctly

modeling the force-free wake on the predicted induced drag has been demonstrated computationally

and experimentally. The influence of compressibility introduced by the full potential equations on the

span loading and induced drag of a modern transport wing has also been studied. Anal_ical methods
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Computational Results Summary-Effects of Wake Model

(Mach no.=0.01, A502 solutions)

Streamwise Wake Force-Free Wake

Planform Angle of Attack CL e CL e

Xt=0.25 Elliptical 4° 0.304 0.985 0.300 0.959

Xt=l.00 Crescent 4 ° 0.307 0.991 0.306 0.992

Split-Tip (AR=6.67) 9° 0.765 1.048 0.761 1.113

Computational Results Summary-Effects of Mach Number

(Xt=l.00 Crescent, Streamwise Wake, o_=5.0 °, Tranair solutions)

Mach no. C L e

0.01 0.428 1.006

0.5 0.478 1.009

0.6 0.512 1.011

0.7 0.569 1.002

Experimental Results Summary

(a=9 ° )

Planform Force-Balance

(AR=6.67)
CL e

Xt=0.25 Elliptical 0.7 0.98

Split-Tip Wing 0.7 1.10

Wake Survey

CL e

0.714 0.972

0.726 1.096

Figure 77. Summary of results.
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and computational tools have been developed for accurate prediction of induced drag that account for

these nonlinear effects. The most significant contributions of this work are summarized below.

A rigorous analytical framework has been established for determining the extent of force-free wake

that must be modeled. The error associated with replacing the force-free wake with a streamwise wake

downstream of a near-field partition is negligible provided the partition is oriented perpendicular to the

freestream. The error associated with the traditional engineering approach, with complete substitution

of a streamwise wake, is potentially an order of magnitude larger, depending on wing planform. Munk's

stagger theorem, which states that the longitudinal arrangement of the bound vortex system does not

affect the induced drag, relies on the streamwise wake model. This work has demonstrated that the

longitudinal arrangement, coupled with the vertical displacement from the angle of attack, can affect

the induced drag by promoting a high degree of nonplanar character in the near wake.

A novel method was developed for computing the force-free wake shape. This hybrid wake-relaxation

scheme couples the well-behaved nature of the discrete vortex wake with viscous-core modeling and

the high-accuracy velocity prediction of the high-order panel method. Trefftz-plane drag results were

found to be highly sensitive to wake shape, and the hybrid scheme provided converged wake shapes

that allowed accurate Trefftz-plane integration.

Two concepts were studied for exploiting nonlinear wake interaction to reduce induced drag. Both

concepts involve the development of a highly nonplanar wake from a planar wing. The first concept

relied on flow separation along the side edge of the wingtip to produce a highly nonplanar wake.

Unfortunately, the induced velocities from the near wake made it difficult to achieve the optimal lift

distribution, which required greater than elliptical loading on the tip region. The second concept used

an unusual split-tip configuration to produce a highly nonplanar wake shape and promote significant

interaction between the trailing and bound vortex systems. Although completely planar, this wing

design produced significantly less induced drag than the classical elliptical wing. With a traditional

streamwise wake model, the induced drag of the split-tip wing was predicted to be 6 percent less

than the elliptical wing. With a force-free wake generated by the hybrid wake scheme, the predicted

induced drag was 12 percent less than the elliptical wing. The performance of the split-tip wing was

confirmed by experiment. Careful tests were performed on models of an elliptical wing and the split-

tip wing with equal span and area. Induced drag was determined from the force measurements by

subtracting an estimate of the viscous drag, and from an analytical drag- decomposition method using

velocities measured by surveying the wake with a seven-hole cone probe. Although the experimental

uncertainty of both experimental techniques was about 5 percent, the experimental results confirm

the computational prediction--the split-tip wing has about 12 percent higher span efficiency than the

elliptical wing at a lift coefficient of 0.7.

The practical use of Trefftz plane drag integration was extended to transonic flow with the Tranair

full-potential code. The induced drag characteristics of a typical transonic transport wing were studied

with both Tranair and A502, a high-order linear panel method. Changes in spanwise lift distribution
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andspanefficiencybeyondthosepredictedbythePrandtl-Glauertequationwerefoundto besignificant

enoughto suggestthat the wing spanwiselift distribution must beadjustedduringdesignwith the

full-potentialmethod,to assurethat the desiredspanloadingis obtained.
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APPENDIX





2ND ORDER ACCURATE APPROXIMATION OF THE

COMPRESSIBLE BERNOULLI EQUATION

From the First Law of Thermodynamics for steady flow of a calorically perfect gas,

7 2

CpT + -_- = constant

Or

Therefore

or

_, P V 2
-F -----constantT

"Y, P V2 7 Poo UcJ
___+ - +__
7-1p 2 7- 1 poc 2

For isentropic flow,

7 - 1 p_ 2

1

1 (_____)-__ 1P_ P

Substituting equation 66 into equation 65 and rearranging, and noting that

½PocU_ 2: ½7Po_,M_ 2,

P - (____78 0 TD (P) T1__)-__that
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